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4(q). The Fundamental Theorem for Curls

The fundamental theorem for curls, which goes by the special name of Stokes’ theorem,
states that

js(vXA)-da=§PA-d|
As always, the integral of a derivative (here, the curl) over a region (here, a patch of
surface) is equal to the value of the function at the boundary (here, the perimeter of the
patch). As in the case of the divergence theorem, the boundary term is itself an integral-
specifically, a closed line integral.
Geometrical Interpretation:
The integral of the curl over some surface (or, more precisely, the flux of the curl through
that surface) represents the “total-amount of swirl,” and we can determine that swirl just
as well by going around the edge and finding how much-the flow is following the

boundary (as shown in figure).

Corollary 1: I(% X Z\)- dadepends only on the boundary line, not on the particular
surface used.
Corollary 2: §(§ x/i). da=0 for any closed surface, since the boundary line, like the

mouth of a balloon, shrinks down to a point, and hence the right side of

equation vanishes.
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Example: Suppose A = (2xz +3y? ))7 + (4yz2 )2 . Check (iii)

Stokes’ theorem for the square surface shown in figure.

Solution: Here (iv)y A (i)
Vx A= (422 —2x)%+222 and da = dydz & R

(In saying that da points in the x direction, we are x

choosen to a counterclockwise line integral. We could as well write da= —dydz X, but

then we have to go clockwise.) Since x = 0 for this surface,

I(%x,_&)-da:jjﬂmzdydz:%

Now, what about the line integral? We must break this up into four segments:

(i) x=0, z=0, A-di=3y?dy, [A-di=[3y2dy=1

i) x=0, y=1 A-di=4z%dz [A-di=[4z2dz=2
(i) x=0, y=1 A-dl=4z dz,_[A dl—_[o4z dz_3,

—

(i) x=0, z=1 A-di =3y2dy, [A-di=["3y*dy=-1,

0

(iv) x=0, y=0, A-dl =0, j'A-di:dezzo,

=
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