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Ql.

Ans. :

Q2.

Ans. :

Q3.

Quantum Mechanics
JEST-2012

The ground state (apart from normalization) of a particle of unit mass moving in a one-
dimensional potential V(x) is exp(— X’ /2)cosh(x/5X). The potential V(x), in suitable

units so that h =1, is (up to an addiative constant.)

(a) /2 (b) 7> /2 —+/2x tanh(v/2x)
(c) 7° /2—\/§Xtan(ﬁx) (d) =* /2—\/§Xcoth(\/§X)
(b)

Consider the Bohr model of the hydrogen atom. If « is the fine-structure constant, the
velocity of the electron in its lowest orbit is

C c

(a) (b) ~or(l-a)c () a’c (d) ac
I+« 1+«
(d)
Solution: mvr =n#
mv’ 1 ze’ Il ze?
= == 2
r dre, r 4z e, mr
1 ze?
mv - € > =nh
4r e, mv
2 2
e e
= and fine structure constant ¢ = ———
4r e, Nh 4r e, hc
2 2
: z Z
For lowest orbit, v = € =V= e c
dre, h 4r e, hc
V=0oC
Define o, =(fT+ f), and o, = —i( fi—f ), where the ¢’ are Pauli spin matrices and

Ans. :

Solution: 0,0, =ic

f, f" obey anti-commutation relations {f , f }: 0, {f ,f T}: 1. Then o, is given by
(a) f7f -1 (b) 2f7f -1 (c) 2f"f +1 (d)fif
()

lo, =0,0,
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az=%axay=‘Ti(fT+f)(f*—f):—[(f*)z—fff+ff*—f2}

:_[_fo F(1- 11, f)] =—[1-2f"f ] =2f"f -1
Q4.  Consider a system of two spin—% particles with total spin S =S5, +S,, where S, and S,
are in terms of Pauli matrices o; . The spin triplet projection operator is
1 3 3 1
(a) Z"'Sl'sz (b) Z_Sl'sz (©) Z+SI.S2 (d) Z_Sl'sz

Ans. : (c)
Solution: =S =S, +S, S*=S’+S7+2S,-S,

szz(%%u.s]-szjhz s = Gl
2 3 2 . . 5
S°=2 {Z +S,-S, } h” for Triplet projection operator
2 3 2
s(s+1)n :2|:Z+Sl-82}h S=1
1(1+1)=2(§+51-32j :>§+sl-sz=|
4 4
Q5.  Consider a spin—% particle in the homogeneous magnetic field of magnitude B along z -

axis which is prepared initially in a state |l/l> = qu +‘¢>) at time t =0. At what time

NG

t will the particles be in the state — | 1//> (g 1s Bohr magneton)?

7ih 27h

(a) t= (b t= (o) t= (d) Never
Hg Mg 2pB
Ans.: (a)
Solution: E = 4, -B2 >—L 1
: Hg 4 NAS

k0= {1 = v e)=-1w)
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H -

—iugBt
e " =-1
cos[uBBtJ=coszz
h
'UBBt_;;:y[: hr
h Uy B

e .1 . : .
Q6.  The ground state energy of 5 identical spln-z particles which are subject to a one-

dimensional simple harmonic oscillator potential of frequency ® is
(a) %ha) (b) %ha) (©) %ha) (d) Show

Ans. : (b)
Solution: Degeneracy =2S+1=2 x%+l =2

o 13

E =2xlhw+2x§ha)+1x—ha}=—ha)
2 2 2 2

ground

Q7.  The spatial part of a two-electron state is symmetric under exchange. If ‘T> and ‘~L>

represent the spin-up and spin-down states respectively of each particle, the spin-part of

the two-particle state is

@ [1)[4) ) [4)[T)
© (41112 @ (4 1))z
Ans. : (c)

Solution: Since, electrons are Fermions and Fermions have anti-symmetric wave function
" spatial part is symmetric then its spin part is antisymmetric to maintain antisymmtric

wave function

v()=— (41 -1
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Q8.

Ans. :

Qo.

Ans.:
Solution: <TH »L> =0,

The wave function of a free particle in one dimension is given by

w (X) = Asin X+ Bsin3x. Then y (X) is an eigenstate of

(a) the position operator (b) the Hamiltonian

(c) the momentum operator (d) the parity operator
(d) y(=x)=y(x)

= —1,//(X) {parity (even and odd)

(
(

The quantum state sin X‘T>+exp(i¢)cos X‘$>, where <T‘~L>:0 and x, ¢ are, real, is

w(-x) = Asin(- x)+ Bsin(-3x) = —[Asin x + Bsin 3x]
wi— X) = —1//(X) => negative parity i.e. parity operator

orthogonal to:

(a) sin X‘ T> (b) cos X‘ T> + exp(i¢)sin X‘ ~L>

(c) —cos X‘ T> - exp(i ¢)sin X‘ ¢> (d) - exp(— i¢)cos X‘ T> +sin X‘ ¢>
(d)

z//> =sin x‘ T> +exp(ig)cos X‘ ~L>
(y'|p) =—exp(ig)cos xsin X<T‘T> —exp(ig)exp(ig)cos X<~L‘T>
+sin’ X<¢‘T>+exp(i¢)cosXsin X<i«‘¢>

=— exp(i ¢)cos Xsin X + exp(i ¢)cos Xsinx =0
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Q10. A particle of mass m is contained in a one-dimensional infinite well extending from
X = —% to X :%. The particle is in its ground state given by ¢, (X): V2/L cos(;zX/ L).

The walls of the box are moved suddenly to form a box extending from X =-L to x=L.
what is the probability that the particle will be in the ground state after this sudden
expansion?

(a) (8/37) (b) 0 (c) (16/37) (d) (4/37)

Ans.: (a)
2 2 X 2 7IX
,@0, = .|—cos—, — COS—
R VL L # 2L 2L

Since the wall of box are moved suddenly then

L/2\/7 \/Tcosm( cos;rx
— 2
J2 1 37X X
:——I cos| —— [+cos| — | |dx
L 25w\ 2L 2L

2
ﬁlzL 3 37\ 2L . 72 .«
= |—e Sll’l—+Sll’l— +—| SIn — 4+ S1In — j—
4 4 4 4

L237z T

Solution: Probability |(g, |¢,

2

| 2 1 ¢L/2 2¢c0oS7mX COS 7TX
T . dx

\ 22 | 2L

Probability =

2
J_ 1{ . 3mx 2L ﬁx}m
—SIn—

+
37r 2L T 2L

-L/2

2 2

2 2
_+_
3z &«

8

RY/4

QI1. A quantum mechanical particle in a harmonic oscillator potential has the initial wave
function (X)+l//1 (X), where y,and y, are the real wavefunctions in the ground and
first excited state of the harmonic oscillator Hamiltonian. For convenience we take
m =7 =w =1 for the oscillator. What is the probability density of finding the particle at

X attime t =7 ?

(@ (v, ()= (X)) () (v, (X)) = (o (%))
© (v (X)+wo (X)) (@ (1 (%)) +(wo (%))
Ans.: (a)

Solution: y(x) =, (x)+w,(x)
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Ql2.

Ans.:

LEt L Et
v (x,t)=w,(x)e 7°+1//1(x)e 71

Now probability density at time t
2

t

‘W(X,t) :W*(X,t)t//(x,t):‘l//o(x)‘z+‘1,y1(X)‘Z+2Rew;(x)z//1(x)cos(El—Eo)h
putting t =7
v (xt) =l (X)] ]y (X)) +2Rey; (X)w, (X)cosz [ E,~E,=hw=1]
v (et =l ()] +ly (0 =2Rews (1w (%) = [ (1) - (x) ]
If J,,J, and J, are angular momentum operators, the eigenvalues of the operator
J
—( X+Jy) are:
h

(a) real and discrete with rational spacing
(b) real and discrete with irrational spacing
(c) real and continuous

(d) not all real
(b)

. 1 i 01 0 0
Solution: J, =—(J,+J_), J,==(J_-J,)=1, =T{ } , J:h{ }
2 2 0 0 1 0

Q13.

Ans.:

al0 1 info —17 J,+3, 1[0 1-i
JX=— , J = — - y:— A
211 0 ., h 211+1 0

) -4 1-i
eigen value — .
2(1+1 -4

A simple model of a helium-like atom with electron-electron interaction is replaced by

J:>/12—2:O:>/1:i\/§

Hooke’s law force is described by Hamiltonian

~n’ 1 A L
m(vf +V§)+Ema)2(rf + rj)—z ma’|F; —r2|2.
What is the exact ground state energy?
(a) E :%ha)(1+\/1+/1) (b) E :%hw(uﬁ)
3 3
©) E=>hovi-7 (d) E =5ha)(1+\/1—/1)
(b)
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1/2
Q14. Consider the state | 1/2 | corresponding to the angular momentum | =1 in the L, basis

1/42

of states with m=+1, 0, —1. If Li is measured in this state yielding a result 1, what is the

state after the measurement?

1 1/4/3 0 1/42
(@) | 0 ®)| o ()]0 (d| 0
0 V273 1 1/42
Ans.: (d)
1 0 0 1 0 0 1 QY0
Solution: L, =|{0 0 O |, Li =0 0 O], eigenvector [0, [1],]0
0 0 -1 0 0 1 0/ \0 1
Corresponding eigenvalue 1, 0, 1
1 | 1
Now state after measurement yielding 1= |¢1>+|¢3> =|0|=—|0
1 V2 1

Q15. What are the eigenvalues of the operator H = ¢ - &, where & are the three Pauli matrices

and a is a vector?
(a) a, +a,anda, (b) a, +a, tia, ©) *(a, +a, + a,) (d) +[4]
Ans.: (d)

Solution: H =0-a = (O'X a,to,a,+o, .az)

(0 1} (0 —i] (1 Oj a, (a-ia,)
= a, +| . a, + a, =
1 0 | 0 y 0 -1 (ax+iay> _az

For eigen value,

(a,-4) (a -ia,)

(a,+ia,) —(a,+4) =0=—(a,-1)(a, +1)—-(a -ia,)(a, +ia,) =0

=>-a,+A -al-a; =0=> 1" =a; +a +a; => 1 =47|
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Q16. The hermitian conjugate of the operator (a—j is
X

0 0 .0 .
(a) x (b) o () |& (d —lg

Ans.: (a)

Solution: :»(.,/(x)_a_"fxl,,(x)jT :(_ag—:((x)z//(x)j

= I 00 -2 9 oxmv w0 - -2 P

OX OX

:J‘Oo Mz,y(x)dx

- OX

Q17. If the expectation value of the momentum is <p> for the wavefunction !//(X), then the

expectation value of momentum for the wavefunction """y (x) is
(a) k (b) (p)—k (©) (p)+k @ (p)
Ans.: (c)
o * . 5
Solution: —ih— dx =
olution LD'/’ (x)( [ aX]y/(x) x=(p)
Now
- ikx ikx o —ikx ikx a |k ikx
ety (x)(—lh—jehv/(x)dx:j_ ety (x)(—lh){e" Ly Kery (x)
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Q18.

Ans.:

Two electrons are confined in a one dimensional box of length L . The one-electron states

are given by l//n(X)=\/% sin(nil_xj. What would be the ground state wave function

7% (Xl, XZ) if both electrons are arranged to have the same spin state?

(@) w (%, )ZL_Esin(ﬂ_&jSm(zn j+3' [272-X1jsin(”xzj—
2L L L ) L L L)

S Rk )

(c) l//(Xl,XZ):%Sin(ﬁTxljsin(zﬁszj

(d V/(Xl,Xz):%sin(ztxl]sin(ﬂzzj

(b)

Solution: Electrons are Fermions of spin —and its wave functions are anti-symmetric

Q109.

Ans.:

Since, spin part is symmetric, therefore, space part will be anti-symmetric (since as total

wave function is anti-symmetric)

Then,
! 27zX2 2 . (27X ) . [ 7X
——sin .sin
L L L L

The operator (di — ](— ) is equivalent to

e

2

(b)——x +1
d? d d? d
— —x—x*+1 d ——2 ——
()dx dex+ O de X
(b)

Solution: = (% - XJ(% + x} f(x)= (% - xj[% f(x)+ xf (x)}
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:i{i f(x)+ xf (x)}—xdi f(x)—x*f(x)

dx | dx X
= e 0 ) D e (x)
dx’ dx dx

X

:;TZf(x)—xzf(xH f(x)=(§—22—xz +1jf(><)

JEST-2014
Q20. Suppose a spin 1/2 particle is in the state

W47

If S, (Xcomponent of the spin angular momentum operator) is measured what is the

probability of getting+7/2?

(a)1/3 (b) 2/3 (c) 576 (d)1/6
Ans.: (c)
: R0 1 h : : no.o1 (1
Solution: S, =— with eigenvalues +— and eigenvector corresponding to — is —
2|1 0 2 2 Sl

Now probability getting +§

2

NOHLLE Fat 17| s
2) (vlw) é[l—i 2]{1;} ! 6

Q21. The Hamiltonian operator for a two-state system is given by
H = a(|1)(1] - [2)(2] +[1)(2] +]2){1]).

where « is a positive number with the dimension of energy. The energy eigenstates

corresponding to the larger and smaller eigenvalues respectively are:
@ [1)-(v2+1) [2), [1)+(V2-1)[2) (b) [1)+(v2-1)[2), 1)~ (V2 +1)[2)
© )+(v2-1)[2), (V2 +1)[1)-|2) (@ [1)=(V2+1)[2), (V2-1)[1)+[2)
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Ans.: (b)

Solution: H = ar([1){1][2)(2] +[1)(2|+[2)(1]) = H[1) =a(|1)+]2)). H[2)=a(1)-[2)
H-(v2+1)[2)

Now H|p)=aly)=H|[)+(v2-1)[2) | = H[1)+ H (V2 +1)|2)

HI )+ (V2-1)12) | = H (D) +(V2-1)H[2) = a(1)+]2) + (V2 -1) (1) - |2)
= a[1+42-1][1)+a|1-(v2-1)|2) = a2 1)+ (2-+2)[2)

= a2 [1)+(v2-1)[2)]

Now H (|1)- 2+1)|2>:>H[|1> (\/5+1)|2>}:H|1>—H(x/5+1)|2>

= a(1)+[2)- e[ (V2 +1)(1)-12)) | = @ (1-V2=1))+ e (1442 +1)]2)

= —V2a|1)+(2++2)a|2) = -ad2 [ [1)-(14+2)[2)]

Lets check for option (b): |l> + (\/5 — 1)|2>,

Q22. Consider an eigenstate of 1

>. Let A=A-L denote an

operator, where N is a wunit vector parametrized in terms of two angles

(n ny,nz) (sin&cos¢,sin65in¢,cos€).Thewidth AA n|l, >state 1S:
—m? _m2

(a) thosﬁ (b) —I(I+1) m hsin @

(©) JI(1+1)-m*7sing (d) y1(1+1)-m>7cosd
Ans.: (c)
Solution: A=1-L :>A:|_X.5+ Ly-l+ L, Lz

r r r
:A:Lx.r51n0cos¢+|_y'rsm9 Sm¢+LZ~rCOSH
r r r

= A=L,sinfcosg+L, sinf -sing+L,cosd

Now AA=[(A”)—(A)’
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Q23.

Ans.:

A :<Lx>sin900s¢+<Ly>sin6?sin¢+<Lz>cost9

<
(A)=(mh)cos® (L )=0,(L,)=0
<

2,
S~—
I

<L2X>sin2 & cos’ ¢+<L2y>sin2 @sin’ (15+<L§>cos2 0
L2y>)sin2 6’—|-<L§>cos2 0

L§>)sin2 6’—<L§>cos2 0

I(1+1)—m* | sin® @+ m’h* cos” 6

(

I +1)—m2}h2 sin® @+ m?*#’ cos’ 0

AA= \/<A2>—<A>2 = J((1+1)-m?) 2 sin* 0+ m*A* cos® 0 - m*i cos’ 0
AA= [T1(1+1)—m’ ]fsinG

Consider a three-state system with energies E, E and E -39 (whereg is a constant) and

1 1 1
. 1 1 1
respective eigenstates |w1> =—|-1], z//2> =—| 1 |and |W3> =—11
\/5 0 \/g -2 3 1
1
If the system is initially (at t = 0), in state |!//i> =0
0

0
what is the probability that at a later time t system will be in state ‘1//f > =0
1

(a) 0 (b) gsinz(%j
©) gcosz (32—973 ) gsmz[ E ;; gtj
(b)
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Q24. The lowest quantum mechanical energy of a particle confined in a one-dimensional box

of size L is 2eV . The energy of the quantum mechanical ground state for a system of
. . .1 . .
three non-interacting spin 5 particles is

(a) 6eV (b) 106V (c) 126V (d) 166V
Ans.: (c)
232
Solution: E, =% —2eV, E,=4E =8eV

Spin, spin is % , therefore, degeneracy g, = 2S+1=2 x%+1 N 2

= ground state energy =2x2 eV +1x8eV =12 eV
Q25. A ball bounces off earth. You are asked to solve this quantum mechanically assuming the
earth is an infinitely hard sphere. Consider surface of earth as the origin implying
V(O) =oc and a linear potential elsewhere (i.e. V(X)=—mgx for x> 0). Which of the
following wave functions is physically admissible for this problem (withk > 0):
(a) y =™ /x (b) w=xe™ (c) v =—Axe®™ (d) y = Ae™
Ans.: (b)
Solution: y = xe ™’
For given potential, at X=0 and X =o wave function must vanish.
Q26. The operator A and B share all the eigenstates. Then the least possible value of the
product of uncertainties AAAB is
(a) h (b) 0 (c) /2 (d) Determinant (AB)
Ans.: (b)

Solution: AA-AB >

g
2

AA-AB >0 [ A and B have share their eigen values, so [AB]=0]
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Q27. Consider a square well of depth -V, and width a with V, as fixed. Let V, — o0 and

a — 0. This potential well has

(a) No bound states (b) 1 bound state
(c) 2 bound states (d) Infinitely many bound states
Ans.: (b)

Solution: It forms delta potential, so it has only one bound state.

JEST-2015

Jo?

Q28. Consider a harmonic oscillator in the state|l//>:e_Te”‘a+ |O> , Where|0> is the ground

state, @ is the raising operator and « is a complex number. What is the probability that

the harmonic oscillator is in the nth eigenstate| n> ?

> _laf ol
@ e () > I
n al? 2n
o] ol
(0 e = e 2 EL
n! n!
Ans.: (a)

Solution: |¢//>:e % e"‘a+|0>:e 2 Zn:%|0> and|n>=(f/+[2 |0>:>(a+)n|0>:\/E|n>

‘“‘ (') a
I b e s
Probability that |l//> is in |n> state is, ‘<<r;/||l/2‘> = ‘<n|l//>‘2
_% (04 " n _M
PRbs REUR
% o e
=(njy)=e ? Zn:a”ﬁw >=ﬁa”:>‘<n|t//>‘ =g %
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Q29. A particle of mass m moves in 1—dimensional potentialV (x), which vanishes at infinity.
The exact ground state eigenfunction is y (X)=Asech(Ax), where A and A are

constants. The ground state energy eigenvalue of this system is,

212 212 2172 212
@ " ) I @ £
m 2m 2m
Ans.: (d)
Solution: “ (x) = Asech(Ax) = (il—y): =—Alsech(Ax)tanh (1x)

2
= c(jjxlg = —M[—sec h(Ax)tan® h(Ax) A+ Asech(Ax)sec? h(lx)]

=—AL? [sec h(/lx)[—tam2 h(Ax)+sec? h(lx)ﬂ

_ AR [sec h(,ix)[sec2 h(/lx) —tan® h(lx)ﬂ

=—AA? [sec h (/IX)[SE:C2 h (/IX)_D ~sec’ h(/lx)]ﬂ
- tan” h(Ax) =1-sec’ h(Ax)

=—AQ? [sec h (ﬂ,x)[sec2 h(Ax)—1+sec’ h (lx)ﬂ

= d2W =—AA’ [2 sec’ h(/ix)—sec h(ﬂx)]
dx?
2 % 2
dx'/j in equation — 4V (x)y (x) = Ep (¥)

Now put the value

2
—zh—mxleP sec’ h(Ax)—sec h(lx)} +V (x) Asech(Ax) = EAsech(4x)

“V(x)>0 as x—w

2192

2
:>+2h—m/12Asech(/1X)— 2 Asec’ h(/”tx)= EAsech(/ix)

2m
Now we have to do approximation i.e. sec’ h (ﬂ,x) dacays very fastly as X — c0so second

term

212 212 212
A 2Asec’ h(Ax)=0 . Thus A Asech(Ax)=EAsech(Ax) = E = nA
m 2m 2m
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Q30. Consider a spin —% particle characterized by the Hamiltonian H = @S, . Under a

perturbation H' = gS,, the second order correction to the ground state energy is given by,

g’ g’ g’ g’
- b) — 2 d) 2
@ = ® ©—-~ Gl
Ans.: (a)
1 0
Solution: " H = ws, and s, =E
210 -1
:>H:a)—h Lo and H =gs =g_h o
210 -1 210 -1

. oh .. . 0
Ground state energy is —7 with eigenvector |¢1> = 1

1
and first excited state energy is %h with eigenvector |¢2> = (O]

H'|g) H'|g)
Second order correction in ground state E = z K(ﬁEL I|E¢°1 >‘ = ‘<¢n1a|) ; (j,;ZJ
m=1 1~ “m -
2 2

2

ool Mol] gt

:>E2= = — :—g—h
"4 _20h 4ol 4o

2

Q31. Given that y, and y, are eigenstates of a Hamiltonian with eigenvalues E, andE,

respectively, what is the energy uncertainty in the state (t//1 + l//z) ?

@ ~VEE; ® € -E|

1 1
© (B +E,) (@ IE: &
Ans.: (b)
. 1o, 1 E’+E; 1. 1
Solution: <E2>=5EIZ+EE§=u and <E>:EEI+EEZ
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E2+E? 2 2 2 g2
CAE - <Ez>_<E>2:\/g_%(EH_EZ)z:\/ZEI+2E2 E:‘ EZ_2EFE,

2 2
:AE:\/EI +E2-2EE, :%|E1—E2|

4

2
Q32. A particle moving under the influence of a potential V(r):% has a wavefunction

w(r,t). If the wavefunction changes to y (ar,t), the ratio of the average final kinetic

energy to the initial kinetic energy will be,
1 1
(@) — (b) (c) — (d) &’
a a

Ans.: (c)

2

Solution: For y/(r,t) the average kinetic energy <T>=Iww*(r,t)(—§l—m](vzw)r2dr, vV’ is

0

written in spherical polar coordinate, which is dimension of (length)_2
For wave function y (ar,t)

TYE[2y (ar. 1) 22 |(v? 2q

<“>_Io v (ar,t) o ( t//(ar,t))r r

! !

r r
Put ar=r'orr=—=dr= and V: =a’V:
a a

(T >=a—zjwl//*(r’t (—h—zjvzw(r' t)r’zdr’zljww*(r’ t)[
“ a’ | 2m ’ a0 ’
1

)
(M) _ (L)

_E Vi (r',t)r?dr’
m wir,

0
a <T o
Q33. If a Hamiltonian H is given as H :|0><0|—|1><l|+i(]0><l|—|l><0

=(T.)

a

), where |0> and |1> are

orthonormal states, the eigenvalues of H are

(a) +1 (b) £i () £2 () +iv2
Ans: (c)
Solution: H =]0)(0|—|1)(1]+i(]0)(1]—-|1)(0|)
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Q34.

Ans.:

Solution: V (X) = {
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H[0)=[0)—i|l) and H|1)=-[1)+i|0)
(0[H[0)  (o[H1)

(I[H[0) Q[H]1) :(—li —Ilj

1-4 i
Eigenvalue of H ( _— /1ij:>—(1—/12)—1:—0:>2:¢\/§

The matrix representation of H is

A particle of mass m is confined in a potential well given by V (X) =0 for _TL <X< B}

% and V(X)= o elsewhere. A perturbing potential H '(X)= ax has been applied to the

system. Let the first and second order corrections to the ground state be E(()l) and Eéz),

respectively. Which one of the following statements is correct?

(a) EY <0andEP >0 (b) EY) =0andE? > 0
(¢) EY > 0andE? <0 (d) E"=0 and E’ <0
(d)

0 —L/2<x<+L/2 ,
and H'(x)=ax
o0 elsewhere

2 X
For ground state |¢0> = o COST

o _(B[H]dh) _2 2 AX _
E, = <¢0|¢0> = aJ-UZ Xcos L—O

H
ZW' |¢°‘:E()<0 El<E?

m=0
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Q35. The wavefunction of a hydrogen atom is given by the following superposition of energy

eigen functions /., (F) ( n,I,m are the usual quantum numbers):

z,//(r):%wm(r)—%wmwﬁwm(r)

The ratio of expectation value of the energy to the ground state energy and the

expectation value of L* are, respectively:

2 2
(a) 229 and 127 (b) 101 and 127
504 7 504 7
(c) 101 nd 2 (d) 222 and 72
504 504
Ans.: (a)
Solution: <E>:%x3+ix5+ix5:&a}
7 1 14 4 14 9 504
<L2> :nghz +2><2h2 +L><6h2 :ﬁhz zghz
7 14 14 14 7l

Q36. A spin-% particle in a uniform external magnetic field has energy eigenstates |1> and |2> .

1)+|2
The system is prepared in ket-state M at time t=0. It evolves to the state

2

described by the ket (|1>;\/§|2>) D ime W The minimum energy difference between two

levels is:

@ = ) - © o @3
Ans.: (c)

Et Ejt
Solution: |y (t=0)) :(|1>;I2|2>): y(t=1)) = (ID( T )+2GXP( " D
(|l>+|2>exp(—i (E‘hE)tD
\://(tzt)}:(—i%) 5
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h

p[.le

7= (E,-E)=2t- ]

(E,—E)T _h
T 2T

h
Q37. The energy of a particle is given by E =|p|+|q| where p and q are the generalized

momentum and coordinate, respectively. All the states with E < E; are equally probable
and states with E > E are inaccessible. The probability density of finding the particle at

coordinate ¢, with >0 is:

E E,—

a —_—
( ) E02 Eoz Eg 0

Ans.: (¢)

Solution: For condition, E = | p| +|q| total number of accessible state upto energy E, for >0

. 1
is area under the curve = 5 x2xEs =E;

The probability density of finding the particle at coordinate q , with >0

dpdg  pdgq __ (E,—q)dg
— =
E; WlE, =

(E,—q)
Es

For probability at point q, dqg is insignificant so p (q) =

Q38. Consider a quantum particle of mass m in one dimension in an infinite potential well, i.e.,

V(x)=0 for T ex<? and V(x)=oo for |X|Z% . A small perturbation,

, 2€|X| ) ) )
Vv (X) = - is added. The change in the ground state energy to O(e) is:
€ €
(@) 5 (7" -4) (b) (7" +4)
er’ er’
© = (7*+4) @ = (7*-4)
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a

|

2 , 2
Solution: E11 = | ¢;\/ (X)qﬁldX:>E ) |X|gcosz7z—xdx
a a a a a
2 2
a a a
2 2 2
=2—€.2jx 2cosz7[—)(dX:>4—26sz(cosix—i-ljdxz4—2€jx(cos@—i-ljdx
a o a a a‘ o 2 a a o a
E
2
:ijx(cos%+ljdx: iz(ﬂ'z—4)
0 a 27

Q39. IfY, :—(YZ’2 —Yz,_z) where Y, | are spherical harmonics then which of the following

V2

is true?

(a) Y,, is an eigenfunction of both L* and L,

(b) Y,, 1s an eigenfunction of L* but not L,

(©) Y,, is an eigenfunction both of L, but not L’

(d) Y,, is not an eigenfunction of either L* and L,
Ans.: (b)

Solution: The LY, =I(1+1)#%,, , where | =2 and L,Y,, #mY,,

Xy
So, Y,, is an eigenfunction of L* but not L,

2

Q40. A spin-1 particle is in a state |l//> described by the column matrix % V2 | in the S,
2i

basis. What is the probability that a measurement of operator S, will yield the result %

for the state S, |w> ?
1 1 1
@ 3 (b) 3 (c) — (d) P

Ans.: (¢)
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, 010 1 2
Solution: S, =—=|1 0 1], l//>=— 2
V2 010 V1o 2i
1
V2 ol
S =—=n|1+1
) o'l
1 0 0
S,=n/0 0 O
0 0 -1
1
The eigen state corresponding to eigen value # of S, is | 0
0
a (M)
(100) Y2 n| 1+
o'
P(n)= =
" A
2

E;‘12(11—i1) 1Yi

Q41. The Hamiltonian of a quantum particle of mass m confined to a ring of unit radius is:

where € is the angular coordinate, & is a constant. The energy eigenvalues and
eigenfunctions of the particle are (n is an integer):

~ ein49 _h_2 e B sin(nt9) _h_z PRy
(a) Wn(ﬁ)— T2n and E, = 2m(n a) (b) v, (9)— T2n and E, = 2m(n a)

2

ne hZ ) ing hZ
© v (9): CO\S/(EH. ) and E, :%(n—a) d) v, ((9)2 jzﬂ- and E, :%(n-i_a)

Ans.: (a)

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com
22



o o fiziks
fiziks =

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

2 2 2 2
Solution: H :h—(—ii—a) :>h— —a—l/;+2iaa—l//+a2w =Ey
2m\ 04 2m| 06 00

which will also satisfy boundary condition

By inspection,

0)) = ;
Wn( )> N
‘l//n (49+27r)>=‘l//n (9)> and satisfies the eigen value equation with eigen value
hz(n—oc)2
2m

E=

Q42. The adjoint of a differential operator diacting on a wavefunction z//(X) for a quantum
X

mechanical system is:
d . d d _
a) — b) —ih— c) —— d) ih—
()dx ®) dx ©) dx @ dx
Ans.: (¢)
Q43. In the ground state of hydrogen atom, the most probable distance of the electron from the

nucleus, in units of Bohr radius a, is:

1 3
a) — b) 1 c) 2 d) —
(@) 5 (b) (©) d 5
Ans.: (d)
. 1
Solution: y,,, =—€%
7a,
. = dP
P= = e =>r=—=0=>r_ =
i ra; Podr » =%

Q44. For operators P and Q, the commutator [P,Qfl] is

@Q'[P.QJQ" ) Q'[PQIRT QPR @ —Q[P.QJQ"
Ans.: (b)
Solution: [P,Q‘l} =PQ'-Q'P

-Q'[P.Q]Q"'=-Q'[PQ-QP]Q"'=-Q'[PQQ'-QPQ ' |=-Q'P+PQ ' =[ P,Q"']
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()+[)

Q45. A spin % particle is in a state T where ‘T> and ‘~L> are the eigenstates of S,

operator. The expectation value of the spin angular momentum measured along X

direction is:

h
(a) 7 (b) -7 (c) 0 (d) 5
Ans.: (d)
1
- 17+%) _| ¥ r(0 1
Solution: |1//>=—: , S, =—
V2 1 2(1 0
V2
1
sy-(L L0 N n
V2 V2210 o) 1|2
V2
JEST 2017
Q46. What is the dimension of h(zfy/ , where y/ is a wavefunction in two dimensions?
10X
(a) kgm™'s™ (b) kgs™ (c) kg m?s™ (d) kg s
Ans. : (d)

noy  dimof 7 kg-m-sec™-
iox  dim of X m

. ) : sec _
Solution: Dimension of =kgsec™

Q47. Suppose the spin degrees of freedom of a 2 - particle system can be described by a 21-
dimensional Hilbert subspace. Which among the following could be the spin of one of the

particles?

1 3
a) — b) 3 c) — d) 2
(a) 5 (b) (c) 5 (d)
Ans. : (b)
Solution: Dimension of Hilbert space =(2s, +1)®(2s, +1)=7x3=21

So, §,=3,s, =1

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016

Phone: 011-26865455/+91-9871145498
Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com
24



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Q48. If the ground state wavefunction of a particle moving in a one dimensional potential is
proportional to exp(—x2 /2)cosh(\/zx), then the potential in suitable units such that

h =1, is proportional to

(a) X2 (b) X" - 24/2xtanh (v/2x]
() x> —22x tan(\/EX) (d) x* —24/2x coth(ﬁx)
Ans. : (b)
Solution: From figure, we can conclude that option (b) is the correct answer.
W Vv
X > X 1

Q49. A particle is described by the following Hamiltonian
A2
=P Lot 42z
2m 2

where the quartic term can be treated perturbatively. If AE, and AE, denote the energy

correction of O (/1) to the ground state and the first excited state respectively, what is the
fraction AE, /AE;?

Ans.: 5

A

9
Solution: H :P—+lma)2f(2 + X
2m 2

Now, energy correction of O(4) to ground state is

o>=(2i]2 (0|6n* +6n+3|0) {LT x3

mo 2Mw

AE, =(0|%*

0

And energy correction of O (/1) to first excited state is

. noY
AE, = (1] %! 1>=(mj (1}6n* +6n+3]1)
2 2
:(LJ x[6+6+3]:15(ij Hence, 51 =12 _5
2mew 2mew AE, 3

0

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498
Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com
25



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Q50. If )?(t) be the position operator at a time t in the Heisenberg picture for a particle

a2
described by the Hamiltonian, H = 2p
m

+%ma)2f(2 what is €' (0| %(t)%(0)|0) in units of
N where |0> is the ground state?
2Mao

Solution: Operator X (t) in Hisenburg picture is written as

A

X (t) — eth/hX (O)eth/h

Thus, (0 X (t) X (0)[0)=(0[e"™"X (0)e™™"X (0)|0)
Here, X (0)]0)= %u)

So, above equation reduces as,

(O] (€)X (0)]0) = /- (0]e™"X (0)e ™ |1

In integral form,

O[ROR(0)10)= 5[40 (0)6 (Ve

h ihaot . —i3nowt h
i * - —iwt *
. f—zmwj¢0e2h X (0)ge * dx= ‘/—2mwe [ 4 xglx

Therefore, e <0|)Z(t))2(0)|0>=[ Lj (0]a+a’|1)

2Maw

e (0] X (1% (0)]0) =

Q51.  Consider a particle confined by a potential V (x) =k

X

, where K is a positive constant.

The spectrum E_ of the system, within the WKB approximation is proportional to

(a) (n +%) (b) (n +%) (©) [n +%) (d) (n +%)
Ans. : (b)
kx x>0

Solution: V (x) = { o %<0
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b E/k E/k
\/2mj,/E—V(x)dx=(n+%jhﬂ=2\/2m I VE —kxdx = 2+/2m I \/E-‘fl—éx dx
0 0 0
1 1 /
:2\/2mEJ\/1—tEdt:%\/2mEJ\/1—tdt:2Em%x§
0 0
1 3hxk 1
=\n+= |hir=>E" = (n+_j
( 2) 4/2m 2
= [ 30k (Mlj "
" 442m 2

Q52. Consider the Hamiltonian
1 0 0 0 0 1
H(t)=a|0 2 0[+4tj0 0 0
0 0 3 1 0 -2
The time dependent function AB(t)=a for t<0 and zero for t>0 . Find
K‘P (t< 0)“{’('[ > 0)> 2, where “P(t < O)> is the normalised ground state of the system at
atime t <0 and “P(t > 0)> is the state of the system at t > 0.
1 1
(a) E(l+cos(2at)) (b) 5(1+c0s(at))
1 . 1 )
(©) E(1+sm(2at)) (d) E(1+sm(at))
Ans. : (a)
1 0 0 0 0
Solution: H(t)=a|0 2 0[+4(t)]0 0 0
0 0 3 1 0 -2
Time dependent function B(t)={% " '~
ime dependent function =10 t>0
When t<0
1 0 1
H(t)=a|0 2 0
1 0 1

Eigen value are 0 , 2« , 2o .
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1
For Eigen value zero, the ground state wave function is ‘l//(t < 0)> :% 0
-1
1 —iat —i3at
And |y (t20))=—=|0e " ——|01|e "
nd |y (t20)) NG NG
0 1
), 1) et it 2
Now, <1//(t<0)‘w(t>0)‘ :Ze hogg b

ot 3at ? at . 3at 2
=—|| cos—+cos— | +| —sin— —sin——
4 fi /] h h

[S—

1 ot 3at . at 3a 1 2at 1 2at
=—|1+1+2| cos—.cos——+sin—cos— || =—|2+2.cos— | =—| | +cos—
4 fi fi /) fi 4 fi 2 /)

JEST-2018

Q53. If 1//(X) is an infinitely differentiable function, then [31//(X) , where the operator

D= exp(axij , 18
dx

(a) w(x+a) (b) v (ae* +x) (©) v(ex) (d) e (x)

Ans. : (c)

Q54. A one dimensional harmonic oscillator (mass m and frequency @) is in a state |1//> such
that the only possible outcomes of an energy measurement are E,E; or E,, where E, is

the energy of the n -th excited state. If H is the Hamiltonian of the oscillator,

2 2
<1,1/|H|z//>:3hTw and <W‘H2‘l//>= 11h4a) , then the probability that the energy
measurement yields E; is
1 1 1
a) — b) — c) — d) 0
(a) 5 (b) 1 (c) 2 (d)
Ans. : (b)

Solution: |!//> = a|¢0>+b|¢1>+c|¢2> let us assume a,b,c is real

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498
Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com
28



o o fiziks
fiziks =

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

, ho 3o o, Shw

aZx—— b x et x 22 2 2 2
(H)= 2 - 22 5 2 :zha):a—+£+£:§hw ....(0)
a“+b°+c 4 2 2 2 4
2 2 2
a’ x ho +b? x 3he +c? x Sho ) 5
Y 2 2 2 ) 11Re
< >_ 2 2 2 o
a‘+b”+c 4

a’? 9b% 25¢ 11h%w?
+ + =

Tt e (ii)
a’+b?+c’ =1 .....(iii)
Solving azzl,bzzl,czzl

4 2 4
2
P(h_w]: 2 az ") :a2:l
2 a~+b +c 4

Q55. A quantum particle of mass m is moving on a horizontal circular path of radius a. The

particle is prepared in a quantum state described by the wavefunction

l//=‘/icosz¢,
Vi

¢ being the azimuthal angle. If a measurement of the z -component of orbital angular
momentum of die particle is carried out, the possible outcomes and the corresponding

probabilities are

(@) L, = 0,5, 220 with 0P (0) = 2, P () = and P(£20) = ¢
(b) L, =0 with P(O)zl
(©) L, =0, with P(0)= and P(2h)=

(@) L, =0.42h with P(0)=7 and P(£28) =

Ans. : (d)

. 4 4 (1+cos2¢ 4 1|2z 27 (exp2ig+exp—2ig)
Solution: y =,|—cos" ¢p=,[—| —— [y =,|—.— +
3z 3z 2 37 2| N2 27 2
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v=\210 s )12
1

g:aﬁhwmuwngmmptgm:g

Q56. Consider two canonically conjugate operators X and Y such that [)2 ,\f] =i#al , where |
is identity operator. If X = 05”(51 +a12(52,\f = 0521(31 +0{22(j2 , where ¢ are complex
numbers and [Q,QZ} =1zl , the value of o,,2,, —,,, 1s
(a) ihz (b) n (c) ih (d)z

z

Ans. : (b)

Solution: [)2,\?] =inl, [all(jl +2,Q,,a,,Q, +a22@2} =inl

= [allél’a2262:|+ [QIZQZ’aZIQAI} i Cxllcx22 [QI’QAZ:|+ alZaZI |:QAZ’QAI:|
ih

[0‘110‘22 _alzaZI] 2l =inl = [allazz _alzaZI] = .

Q57. Suppose the spin degree of freedom of two particles (nonzero rest mass and nonzero spin)
is described completely by a Hilbert space of dimension twenty one. Which of the
following could be the spin of one of the particles?

(a) 2 OF ©1 @+
2 2
Ans. : (c)

Solution: (25, +1)®(2s, +1)=21=7x3=5 =3,s, =1

Q58.

The normalized eigenfunctions and eigenvalues of the Hamiltonian of a Particle confined
to move between 0 < X<a in one dimension are

2 nzXx n’zh’
X)=,—sin—— and E_ =
va(¥) \/; a " 2ma’

respectively. Here 1,2,3.... Suppose the state of the particle is

w<x>=Asm(ng{1+m(%xﬂ

where A is the normalization constant. If the energy of the particle is measured, the
222

probability to get the result as - is & What is the value of x?

2ma
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Ans. : 80

e {5 o B (2} (2]
o Bl
|W>=\/§A[|¢l>+%|¢2>}

I

<w|t//>=1:>%A2[1+ﬂ:> N PNy

)= 2 1+ Lla)= 2o ol

222
id h2 A X =4 100=80
2ma 5 100 5

S5a

Q59. A harmonic oscillator has the following Hamiltonian

A2
H, :p—+lma)2f(2
2m 2

It is perturbed with a potential V = A%*. Some of the matrix elements of X* in terms of

its expectation value in the ground state are given as follows:
(o[x*(0)=c

0 2>=«/§c

)22

22

where |n> is the normalized eigenstate of H, corresponding to the

eigenvalue E, :ha)(n +%j Suppose AE, and AE, denote the energy correction of

O(ﬂ,) to thee ground state and the first excited state, respectively. What is the fraction
AE, ,

AE,
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Ans.: 5
S h _ 41N\ _ 2
Solution: For n"state AE, —<n|X |n>—m(6n +6n +3)
3K s i* 5 15K
2
AE,

Q60. Consider a wavepacket defined by
w(x)=[" dif (k)exp[i(kx)]

Further, f(k)=0 for |k| >§ and f(k)=a for |k| Sg. Then, the form of normalized

w(X) is
Irya sinﬁ
(a) YOI i KX (b) | = —2
X 2 7K X
rynya sinﬁ
(c) SZK cosﬁ (d) ‘/i 2
X 2 7K X
Ans. : (b)
Solution: Given y/(x) = [ dkf (k)e™
K/2 o K
w(x)zj'_K/sz ae K|>—
K .K
:_&eikx K/2 =.ge|?x_e—|zx K>5 f(K):O
IX FKZx
a
2 . kx
X)==—= -
W( ) Xsm 5
K K
27 K - -
Azj'wx—27xd - 2 2
= h*Kx/2
an (" =1
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an 2X
2

z//(x)zg,/ 1 -sinﬁ
X\ 2zK 2

JEST-2019
Q61. What is the binding energy of an electron in the ground state of a He" ion?
(a) 6.8eV (b) 13.6eV (c) 27.2eV (d) 54.4eV
Ans. : (d)
13.6

Solution: E =- >
n

z*(eV)

He":z=2
L E=TB0% ey

n
The binding energy of an electron in ground state is
E_ -13.6x4

(1)

Q62. The wave function y (X)= Aexp(—

(eV)=54.4eV

22

J (for real constants A and b) is a normalized

eigen-function of the Schrodinger equation for a particle of mass m and energy E in a

one dimensional potential V (X) such that V (X) =0 at Xx=0. Which of the following is

correct?
2114 ,2 2114 .,2 2112 2112
(a)V:hbX (b)V:hbX (c)E:hb (d)E:hb
2m
Ans. : (b)
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1/4 2
Solution: Comparing with harmonic oscillator W(X) =(m—;)j exp[— m;;z( J the potential is
T

\ (X) =%ma)zx2 and energy is E =h7w

— soV(x)= and energy E=—=
m 2m

(x) = Acx RS e b’n _b*nx? ho bR
v P 2 2m

Q63. A quantum particle of mass m 1is in a one dimensional potential of the form

1 5.2 .
V(x): —mwx", if x>0

00 if x<0

where @ is a constant. Which one of the following represents the possible ground state

wave function of the particle?

Y 11 0
(a) \\ (b)
0 0
0 —X +00 0 —X +00
-1 -1
v o V 11
(©) 0 \/ —X +00 () y —X +00
-1 -1

Ans. : (b)

Q64. For a spin% particle placed in a magnetic field B , the Hamiltonian is

H =-yBS, =-®S,, where S, is the y-component of the spin operator. The state of the

y
system at time t =0 is ‘z//(t:O)>:|+>, where Sz|i>:i§|i>. At a later time t, if S

z

measured then what is the probability to get a value —g ?

(a) cos’ (at) (b) sin’ (wt) (c) 0 (d) sin’ [%t)
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Ans. : (d)

f , %h with eigen vector |¢1> = %Dﬂ +|—>]

Solution: H =—yBS, =-wS, Eigen value is —

and | @, | —>] respectively.

)= 75
(=) =[) = 1]%) = |4}l ) 1) (8 ) = )+ 1)

v (t=)=—slers "2 |+l yeno( -2

If S, is measured on ‘ly(t)> then probability to find —Z is
2
p[_ﬁJ_ @) 1

) L) ol i

Q65. Consider a quantum particle in a one-dimensional box of length L. The coordinates of

the leftmost wall of the box is at X=0 and that of the rightmost wall is at X=L. The
particle is in the ground state at t =0. At t =0, we suddenly change the length of the box
to 3L by moving the right wall. What is the probability that the particle is in the ground

state of the new system immediately after the change?

9 81 0.5
a) 0.36 b) — C d —L
(a) ()87Z ()647T2 ()7Z
s.:(¢)
2 . 71X 2 . 7X
. —sin—. 0<X<3a —sin— . 0<x<a
Solution: |4)=4\3a  3a lv)=Va  a
0, otherwise 0, otherwise

o 7r2h22 A%k I\F \f _dx_ 81
om(3a)’ ) (wlw) oV3a 647
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Q66. Consider a quantum particle of mass m and a charge € moving in a two dimensional
potential given as:
k 2 2
V(x,y):a(x—y) +k(x+y)
The particle is also subject to an external electric field Ez/l(f— j), where 4 is a
constant | and ] corresponds to unit vectors along x and y directions, respectively. Let
E, and E, be the energies of the first excited state and ground state, respectively. What
is the value of E, —E;?
() h,/% (b) /%+e/12 (c) 3n /% (d) 37 /3+e/12
m m m m
Ans. : (a)

Solution: For constant electric field we know there is not any change in frequency and energy of

each level is changed by constant value.

The total potential is

V(X,y):g(x—y)2+k(x+ y)z—/1x+/1y:>V(x,y):%kx2+%ky2+kxy—ix+iy

m 0 3k k
T = and V =

0 m k 3k
Secular equation is given by

‘V—a)zm‘=O:>(3k—a)2m)2—k2 =0= w, =\/%,a)y =\/%

The equivalent quantum mechanical energy is Enx,ny = (nx + %jha)x + (ny + %)ha)y +V,

Where n, =0,1,2,3...and n,=0,1,2,3...

ho[4k h |2k

The ground state energy E, =E,, =—,[— +—,|—

¢ SR T m 2\ m
The first excited state energy E, =E =E , {ﬂ +ﬁ‘/&
2V m 2 \Vm

/2k
El—E0 :h F
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Q67. A one-dimensional harmonic oscillator is in the state
)= ln)
=t
where |n> is the normalized energy eigenstate with eigenvalue (n +%jha) Let the

. e 1 .
expectation value of the Hamiltonian in the state |w> be expressed as —ahw. What is

the value of « ?

Ans. : 3

1
nN+— |hw
. ® 2 1 *n 1
Solution: <H>= > ~—t =——Jiw+hwd —=|—+e|hw=32hw

n=0 [n 2 n-1|n

Q68. Consider a system of 15 non-interacting spin-polarized electrons. They are trapped in a
two dimensional isotropic harmonic oscillator potential V (X, y) = % Mo’ (X2 +y° ) The

angular frequency @ is such that 7@ =1 in some chosen unit. What is the ground state
energy of the system in the same units?

Ans. : 55

Solution: Non-interacting spin-polarized electrons means direction of spin is fixed

Ixho+2x2hw+3x3ho+4x4ho+5%x5hw =55hw

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com
37



