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9.13 Surface Integral

Scalar functions: f(x,y,z), z(x,y)
Position vectors: t(u,v), r(x,y,z)
Unit vectors: E, }, k

Surface: S

Vector field: F (P,Q,R)

Divergence of a vector field: divE=V-F

Curl of a vector field: curl FE=V xF

Vector element of a surface: dS
Normal to surface: n

Surface area: A

Mass ot a surface: m

Density: p(x,y,z)

Coordinates of center of mass: X, v, z
Mﬂ

I

First moments: M_w, M_‘T ,

I,I1,1

z? Tx ¥ z

Moments of inertia: I_, I

Volume of a solid: V

Force: F

Gravitational constant: G
Fluid velocity: v(r)

Fluid density: p

Pressure: p(T)

Mass flux, electric flux: ©
Surface charge: Q

Charge density: o(x,y)
Magnitude of the electric field: E
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1140. Surface Integral of a Scalar Function
Let a surface S be given by the position vector
F(u,v)=x(u,v)i +y(u,v)j+z(u,v )k,
where (u,v) ranges over some domain D(u,v) of the uv-

plane.
The surface integral of a scalar function f(x,y,z) over

the surface S is defined as

Ui X,y,z)dS = U f(x(u,v), yl(u,v),z(u,v )*:x%

Diu,v)

dudv,

. N T T
where the partial derivatives — and —
u ov

are given by

or ¢x cy - Oz —
u,v)i+ u,v)ji+—I(u,vik,
au &1( ) cu( ) Eu( )
or _ox 8)-’ =~ Cz ~
u,vI)i+ u,v)j+—I(u,v)k
T2 i+ L)~ L)

ér ¢or .,
and —x— 1is the cross product.
cu ¢ov
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1141.If the surface S is given by the equation z =z(x,y) where
z(x,y) is a differentiable function in the domain D(x,y),

then
5 2

J‘J‘ix}rz)dS_ U t(x,y, xy])\l+[m}_+(%/

Dix,y)

1142. Surface Integral of the Vector Field F over the Surface
« If Sis oriented outward, then

Hl—:(x,y,z)-dg :J‘J‘I_:(x,y,z)‘ﬁds

J‘J‘ F(x(u,v), y(u,v),z(u,v))- [gx%}dudv

Dlu,v P cu

« IfSisoriented inward, then

Hl_:(x,}-’,z)-dg =”1_3(x,y,z)‘ﬁdS

-
J‘J‘ E(x(u,v), y(u,v),z(u,v))- [gxﬁ}dudv
Diu,v) ov cu

dS=ndS is called the vector element of the surface. Dot
means the scalar product of the appropriate vectors.

T
The partial derivatives — and are given by

cu ov
= 3 _ A _
% :;—q}i(u,v)‘ i +%(u,v)- i +§{u,v)- k,
or _ox oy < Oz -

5‘7 E‘v(u v) i+5v(u,v}-j+g[u,v]-k.
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1143.1f the surface S is given by the equation z =z(x,y), where
z(x,y) is a differentiable function in the domain D(X,y),
then
- If S is oriented upward, i.e. the k-th component of the
normal vector is positive, then

J‘J‘l_:(x,y,z)-dg :J‘J‘l_:(x,y,z}‘ﬁds

- Fer

Dix,y)

——21—8—)+k dxdy,
cy

« IfSis oriented downward, i.e. the k-th component of the
normal vector is negative, then

J‘J‘l_:(x,y,z)-dg :J‘J‘F[x,y,z}‘ﬁds

J‘J‘ F(x,y,2 )1’%14_%,— Idxdy

D(x,y)
1144. J‘J(l_: ﬁhS = J‘J‘Pd}fdz +Qdzdx + Rdxdy
5 s

sz‘(Pcosu +Qcosp+Rcosy)dS,

where P(x,y,z), Q(x,y,z), R(x,y,z) are the components of
the vector field F.
cosa, cosf, cosy arethe angles between the outer unit

normal vector i and the x-axis, y-axis, and z-axis, respect-
ively.
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1145. If the surface S is given in parametric form by the vector
£(x(u,v),y(u,v),z(u,v)), then the latter formula can be

written as
P Q R
ox Oy 0Oz
F-njdS = ||Pdyd dzdx +Rdxdy = — — —|dudv,
J;'[( n)d “ ydz + Qdzdx + Rdxdy = D{jv)au 2 2u udv
X oy &
ov oOv ov
where (u,v) ranges over some domain D(u,v) of the uv-

plane.

1146. Divergence Theorem
fE-as=[[[(v-Eav,
virhere i

F(x,y,2)=(P(x,y,2), Q(x,y,2), R(x,y,2))

is a vector field whose components P, Q, and R have
continuous partial derivatives,

v.p=P, Q R

ox Oy 82

is the divergence of F, also denoted divE. The symbol
i{:f indicates that the surface integral is taken over a closed

surface.

1147. Divergence Theorem in Coordinate Form

ﬁ Pdydz + Qdxdz + Rdxdy = j i ( op %Q + a]dxdydz :

1148. Stoke’s Theorem

if:.df:jsj'(VxF)-di
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where

F(x,y,2)=(P(x,y,2), Q(x,y,2), R(x,y,2))
is a vector field whose components P, Q, and R have
continuous partial derivatives,

— — —

i j k

Vxpoll 9 O]_[R_Q) +(5_P_5_Rj] 9Q _0oP
ox ox ox| \dy oz oz ox ox oy
P Q R

is the curl of F, also denoted curl F.
The symbol § indicates that the line integral is taken over

a closed curve.

Stoke’s Theorem in Coordinate Form
§Pdx +Qdy +Rdz
C

”(G_R__J (a_P_a_Rjd dxs [a_Q_a_P]dxdy
oy oz 0z 0x ox Oy
Surface Area

A=jsjds

If the surface S is parameterized by the vector

£(u,v)=x(u,v)i +y(u,v)j +2(u, v )k,
then the surface area is

or Or dudv,

_X_
ou

A=

D(u,v)
where D(u,v) is the domain where the surface t(u,v) is
defined.
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If S is given explicitly by the function z(x,y), then the sur-
face area is

_ AN
T

where D(x,y) is the projection of the surface S onto the xy-

plane.

Mass of a Surface

m= ”u(x,y,z)ds,

where ;,t(x,y,z) is the mass per unit area (density func-

tion).

Center of Mass of a Shell
M, M M
X= ? 5 ?: = 5 zZ= i 5

m m m
where

M, = ”xu(x,y,z)ds ,
S

M,, = [[yn(x,y,2)ds,
S

M, = Ijzu(x,y,z)ds
S

are the first moments about the coordinate planes x=0,
y=0, z=0, respectively. ;,L(x,y,z) is the density function.

Moments of Inertia about the xy-plane (or z=0), yz-plane
(x=0), and xz-plane (y=0)

L, = ”zzu(x,y,z)ds ,
S

IYZ :”xzu(x,y,z)ds R
S
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= [[y"u(xy,z)ds.

1156. Moments of Inertia about the x-axis, y-axis, and z-axis

I = ”(yz +zz)p(x,y,z)dS ,
I —IJ.X +z (x,y,z)dS,

I—jx+ xy,)dS

1157. Volume of a Solid Bounded by a Closed Surface

V= % ffxdydz -+ ydxdz + zdxdy

N

1158. Gravitational Force
F= Gm”p(x,y,z)isds s
f r
where m is a mass at a point <x0,y0,zo> outside the surface,

T =<x—x0,y—y0,z—zo> R
w(x,y,z) is the density function,
and G is gravitational constant.

1159. Pressure Force
= [[p(F)ds,
S

where the pressure p(f) acts on the surface S given by
the position vector r.

1160. Fluid Flux (across the surface S)

® = {}¥(¥)-ds
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where V() is the fluid velocity.

1161. Mass Flux (across the surface S)

@ = f{p¥(F)-ds,
S
where F=pv is the vector field, p is the fluid density.

1162. Surface Charge
Q= Hc(x,y)dS ,
S

where o(x,y) is the surface charge density.

1163. Gauss’ Law
The electric flux through any closed surface is proportional
to the charge Q enclosed by the surface

o= fJE-d5=2,
s €9
where
O is the electric flux,
E is the magnitude of the electric field strength,

g, =8,85x107" — s permittivity of free space.

Acceleration of gravity: g
Current: I

Resistance: R
Inductance: L
Capacitance: C



