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2(b). Spherical Polar Coordinate System
In spherical polar coordinate any general point P lies on the surface of a sphere. The

spherical polar coordinates (r,9,¢)of a point P are

. - . . z
defined in figure shown below; r is the distance 1

~ <

from the origin (the magnitude of the position

vector), @ (the angle drawn from the z axis) is rcosHV—’ (

called the polar angle, and ¢ (the angle around from
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the x axis) is the azimuthal angle. R

Their relation to cartesian coordinates (x,y,z) can

be read from the figure:

X=rsinfcos¢g, y=rsindsing, z=rcosd
and r=x*+y’+17%, 0=cosl(ij, ¢=tan1(lJ
r X

The range of r is0 — oo, 6 goesfrom0 — =, and ¢ goes from0 — 27 .
Figure shows three unit vectors f,é,q;, pointing in the direction of increase of the
corresponding coordinates. They constitute an orthogonal (mutually perpendicular) basis
set (just like X, V,7), and any vector A can be expressed in terms of them in the usual
way:

A=AF+A0+AP
A, Ay, and A, are the radial, polar and azimuthal components of A.
If we have sphere or any part of the sphere, then we can specify r,0 and ¢ . Lets consider

some examples shown in figure below:

Sphere Hemi-sphere
r:-0-R r:0»R
00> 0:0>7/2
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Octant - Ice-creame cone
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Infinitesimal Displacement Vector (dT)

An infinitesimal displacement in the f direction is simply dr (figure a), just as an
infinitesimal element of length inthe x direction isdx:
dl, =dr

On the other hand, an infinitesimal element of length in the 6 direction (figure b) is rdo

dl, =rd@
Similarly, an infinitesimal element of length in the q3 direction (figure c) is rsin6d¢

dly, =rsin6dg
Thus, the general infinitesimal displacement dl is
di = dr f+ r d60 + rsin 0 dgg

This plays the role (in line integrals, for example) that di = dxX+dyy+dzZ played in

Cartesian coordinates.
rsinfdg
dr
r rdo 0 r
! d0 s
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Area Element(d 5)

If we are integrating over the surface of a sphere, for instance, n

then r is constant, whereas 6 and ¢ change, so
da; =dl,dl,f =r?sin0dodgf day

on the other hand, if the surface lies in the xy plane, then 6 is

<V

constant (60 = z/2) while rand ¢ vary, then

da, = dl,dl,6 = r? drdgé
daz

If we are integrating over the surface of an octant, for
instance, then r is constant(r = R); whereas 6 and ¢ change,
50, da: = dl,dl,f = R*sinododgr . Octant

If the surface lies in the xy plane, then 6 is constant
(0=7/2)while rand ¢ vary, then +¢

da, =dl,dl,0 = r’drdgd _§

If the surface lies in. the yz plane, then ¢ is constant

(¢=r12) while rand ¢ vary, then 9=0 [ O=ml2

das = dl dl,¢ = rdrd6¢ 0

If the surface lies in the xz plane, then ¢ is constant (¢ =0) while rand ¢ vary, then
das = =didl,$ = —rdrd6¢

Volume Element(dz)

The infinitesimal volume elementdz , in spherical coordinates, is the product of the three

infinitesimal displacements:

dz =dl,dl,dl, = r?sin6drdo dg¢
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