fiziks
E‘ MATHEMATICAL PHYSICS

fiziks

An Institute of NET-JRF, IIT-JAM, GATE, JEST,
TIFR & CUET in Physics & Physical Sciences

MATHEMATICAL PHYSICS

(NET/JRF, GATE, JEST, TIFR)

H.No. 40-D, G.F,, Jia Sarai, Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498, Website: www.physicsbyfiziks.com, Email: fiziks.physics@gmail.com




fiziks CONTENTS
s MATHEMATICAL PHYSICS

CONTENTS
MATHEMATICAL PHYSICS

1. Vector Analysis
1.1 Vector Algebra
1.1.1 Vector Operations
1.1.2 Vector Algebra: Component Form
1.1.3 Triple Products
1.2 Coordinate System
1.2.1 Cartesian Coordinate System
1.2.2 Spherical Polar Coordinate System
1.2.3 Cylindrical Polar Coordinate System
1.2.4 Transformation of a vector from one system to other
1.3 Differential Calculus
1.3.1 “Ordinary” Derivatives
1.3.2 Gradient

1.3.3 The Operator V
1.3.4 The Divergence
1.3.5 The Curl
1.3.6 Product Rules
1.3.7 Second Derivatives

1.4 Integral Calculus
1.4.1 Line, Surface, and VVolume Integrals
1.4.2 The Fundamental Theorem of Calculus
1.4.3 The Fundamental Theorem for Gradients
1.4.4 The Fundamental Theorem for Divergences
1.4.5 The Fundamental Theorem for Curls

1.5 Greens Theorem

1.6 The Theory of Vector Fields

2. The Dirac Delta Function (34-44)
2.1 The One-Dimensional Dirac Delta Function

2.2 The Two-Dimensional Delta Function

2.3 The Three-Dimensional Delta Function

2.3.1 The Divergence of 7/r?
2.4 Physical Application of & functions

3. Ordinary Differential Equations (45-67)
3.1 Introduction of Different Terms
3.1.1 Concept of Solution
3.2 First-Order Differential Equations
3.2.1 Separable Differential Equations
3.2.2 Homogeneous Equation (Reduction to Separable Form)
3.2.3 Equations Reducible to Homogeneous Form
3.2.4 Exact Differential Equation
3.2.5 Equations Reducible to the Exact Form
3.2.6 Linear Differential Equations
3.2.7 Equation Reducible to Linear Form
3.3 Linear Differential Equations of Second Order
3.3.1 Homogeneous Linear Equations of Second Order
3.3.2 Second Order Homogeneous Equations with Constant Coefficients

H.No. 40-D, G.F,, Jia Sarai, Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498, Website: www.physicsbyfiziks.com, Email: fiziks.physics@gmail.com




fiziks CONTENTS
sy MATHEMATICAL PHYSICS

3.3.3 Second Order Homogeneous Equation of the form x*y” + axy’+by =0

3.3.4 Concept of Wornskian (Linear dependence and independence)

3.3.5 Nonhomogeneous Linear Equations of Second Order

3.3.6 Nonhomogeneous Equation of the form x*y” + axy’ +by = x™

4. Linear Algebra: Matrices (68-114)
4.1 Basic Concepts, Matrix Addition, Scalar Multiplication
4.1.1 Basic Concepts
4.1.2 Matrix Addition
4.1.3 Scalar Multiplication
4.2 Matrix Multiplication
4.2.1 Properties of Matrix Multiplication
4.3 Transpositions
4.4 Special Matrices
4.4.1 Triangular Matrices
4.4.2 Diagonal Matrices
4.4.3 Scalar Matrix
4.4.4 Unit Matrix (Identity Matrix)
4.5 Symmetric, Skew-Symmetric, and Orthogonal Matrices
4.5.1 Symmetric Matrix
4.5.2 Skew-Symmetric Matrix
4.5.3 Orthogonal Matrix
4.6 Hermitian, Skew- Hermitian, and Unitary Matrices (Complex Matrices)
4.6.1 Hermitian Matrix
4.6.2 Skew- Hermitian Matrix
4.6.3 Unitary Matrix
4.7 Linear Systems of Equations. Gauss Elimination
4.8 Linear Independence. Rank of a Matrix.
4.8.1 Solution of Linear Systems: Existence, Uniqueness
4.9 Determinants. Cramers Rule
4.10 Inverse of a Matrix
4.11 Matrix Eigen value Problems
4.11.1 The Cayley-Hamilton Theorem
4.11.2 Eigenvalue Properties of Special Matrices
4.12 Orthogonal and Unitary Transformations
4.13 Linear Combinations, Linear Functions, Linear Operators
4.13.1 Matrix Operators, Linear Transformations
4.13.2 Rotations in 2 Dimensions
4.13.3 Rotations and Reflections in 3 Dimensions
4.14 Similarity of Matrices, Basis of Eigenvectors, and Diagonalisation
4.15 Functions of Matrices

5. Fourier Series (115-133)
5.1 Periodic Functions and Trigonometric Series

5.1.1 Periodic Functions

5.1.2 Trigonometric Series
5.2 Fourier Series

5.2.1 Euler Formulas for the Fourier Coefficients

5.2.2 Orthogonality of the Trigonometric System

5.2.3 Convergence and Sum of Fourier series

H.No. 40-D, G.F,, Jia Sara1 Near IIT, Hauz Khas New De1h1 16



fiziks CONTENTS
s MATHEMATICAL PHYSICS

5.3 Function of Any Period p = 2L

5.4 Even and Odd functions and Half-Range Expansion
5.4.1 Even and Odd function
5.4.2 Half-Range Expansion

5.5 Complex Fourier series

5.6 Approximation by Trigonometric Polynomials
5.6.1 Minimum Square Error
5.6.2 Parseval’s Identity

6. Complex Analysis (134-192)
6.1 Complex Numbers and Complex Plane
6.1.1 Complex Numbers
6.1.2 Addition and Multiplication
6.1.3 Subtraction and Division
6.1.4 Complex Plane
6.1.5 Complex Conjugate Numbers
6.2 Polar Form of Complex Numbers. Power and Roots
6.2.1 Polar Form
6.2.2 Triangular Inequality
6.2.3 Multiplication and Division in Polar Form
6.2.4 Integer Powers. De Moivre’s Formula
6.2.5 Roots
6.3 Derivative and Analytic Function
6.3.1 Circle and Disks. Half-Planes
6.3.2 Concepts on sets in the Complex Plane
6.3.3 Complex Function
6.3.4 Limit, Continuity
6.3.5 Derivative
6.3.6 Analytic Functions
6.4 Cauchy-Riemann Equations. Laplace’s Equation
6.4.1 Cauchy-Riemann Equations
6.4.2 Laplace’s Equation. Harmonic Functions
6.5 Exponential Function
6.6 Trigonometric Functions, Hyperbolic Functions
6.6 Logarithm. General Power
6.7 Cauchy’s Integral Theorem
6.7.1 Contour Integrals
6.7.2 Statement of Theorem
6.7.3 Multiply Connected Regions
6.8 Cauchy’s Integral Formula
6.8.1 Derivatives
6.8.2 Morera’s Theorem
6.9 Taylor Expansion & Laurent Expansion
6.9.1 Taylor Expansion
6.9.2 Laurent Expansion
6.10 Zeros and Singularities
6.10.1 Zeros
6.10.2 Singularities (Poles)
6.11 Calculus of Residues
6.11.1 Residue Theorem
6.11.2 Computing Residues

H.No. 40-D, G.F,, Jia Sarai, Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498, Website: www.physicsbyfiziks.com, Email: fiziks.physics@gmail.com




fiziks CONTENTS
sy MATHEMATICAL PHYSICS

6.12 Evaluation of Definite Integrals
6.12.1 Trigonometric Integrals, Range (0,27)

6.12.2 Integrals, Range —co t0 400
6.12.3 Integrals with Complex Exponentials
6.12.4 Another Integration Technique
6.12.5 Cauchy Principal Value

6.13 Branch Points

6.14 Evaluation of Definite Integrals with Branch Points
6.14.1 Avoidance of Branch Points
6.14.2 Exploiting Branch Cuts

7. Laplace Transforms (193-210)
7.1 Laplace Transform and Inverse Laplace Transform
7.1.1 Linearity of the Laplace Transform
7.1.2 First Shifting Theorem
7.2 Transform of Derivatives and Integrals, Differential Equations
7.2.1 Laplace Transform of the Derivatives
7.2.2 Laplace Transform of Differential Equations
7.2.3 Laplace Transform of the Integral of a Function
7.3 Unit Step Function, Second Shifting Theorem and Dirac’s Delta Function
7.3.1 Unit Step Function
7.3.2 Second Shifting Theorem (t-shifting)
7.3.3 Dirac’s Delta Function
7.4 Differentiation and Integration of Transforms
7.4.1 Differentiation of Transforms
7.4.2 Integration of Transforms
7.5 Convolution
7.6 Laplace Transform of Periodic Functions
7.7 Partial Fractions, Differential Equations

8. Fourier Transforms (211-228)
8.1 Basic Fourier Transforms Analysis
8.2 The Fourier Transform
8.2.1 The Fourier Integral
8.2.2 The Inverse Fourier Transform
8.2.3 Existence of the Fourier Integral
8.2.4 Fourier Transform of Periodic Functions
8.3 Fourier Transform Properties
8.3.1 Linearity
8.3.2 Symmetry
8.3.3 Time Scaling
8.3.4 Frequency Scaling
8.3.5 Time-Shifting
8.3.6 Frequency-Shifting
8.3.7 Even Functions
8.3.8 Odd Functions
8.3.9 Complex Time Functions
8.3.10 Fourier Transform of the Derivative of h (t)
8.3.11 Convolution Property
8.4 Alternate Fourier Transform Definitions
8.5 Standard Integration Results

H.No. 40-D, G.F,, Jia Sara1 Near IIT, Hauz Khas New De1h1 16



fiziks CONTENTS
s MATHEMATICAL PHYSICS

9. Special Functions (229-243)
9.1 Legendre Functions

9.2 Hermite Functions

9.3 Laguerre Functions

9.4 Bessel Functions

9.5 Singular Points of Linear Differential Equations of Second Order

10. Partial Differential Equations (244-257)
10.1 Basic Concepts
10.2 One Dimensional Wave Equation
10.3 One Dimensional Heat Equation
10.4 Steady State Two-Dimensional Heat Flow (2D Laplace Equation)
10.5 Laplacian
10.5.1 in Polar Coordinates
10.5.2 in Cylindrical Coordinates
10.5.3 in Spherical Coordinates

11. Greens Function (258-264)

12. Numerical Techniques (265-278)
12.1 Solution of Algebraic and Transcendental Equations
12.1.1 Bisection Method
12.1.2 Method of False Position
12.1.3 Iteration Method
12.1.4 Newton—Raphson Method
12.2 Integration
12.2.1 Trapezoid rule
12.2.2 Simpson’s rule
12.3 Solution of ordinary differential equation using
12.3.1 Taylor’s Series method
12.3.2 Eulers methods
12.3.3 Runge-Kutta method
12.3.4 Finite difference methods

13. Elementary Probability Theory (279-292)
13.1 Probability Concepts
13.2 Conditional probability
13.2.1 Bayes Theorem
13.3 Permutations and Combinations
13.3.1 Permutations
13.3.2 Combinations
13.4 Random Variable
13.4.1 Discrete Random Variables and distribution
13.4.2 Continuous Random Variables and distribution
13.5 Some Important Discrete Distribution
13.5.1 Uniform distribution
13.5.2 Bernoulli distribution
13.5.3 Binomial distribution
13.5.4 Poisson distribution
13.6 Some Important Continuous Distribution
13.6.1 Uniform distribution

H.No. 40-D, G.F,, Jia Sarai, Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498, Website: www.physicsbyfiziks.com, Email: fiziks.physics@gmail.com




fiziks CONTENTS
sy MATHEMATICAL PHYSICS

13.6.2 Normal distribution
13.7 Central Limit Theorem
13.8 Joint distribution

14. Introductory Group Theory
14.1 Definition of a Group

14.2 Reducible and Irreducible Group
14.3 Lie Groups

14.3.1 The U (1) Group
14.3.2 The U (2) Group
14.3.3 The SU (2) Group
14.3.4 The SO(2) Group
14.3.5 The SO(3) Group
14.3.6 The SU (3) Group

(293-300)

H.No. 40-D, G.F,, Jia Saral Near IIT, Hauz Khas New Delhl 16




fiziks
s VECTOR ANALYSIS

CHAPTER 1

VECTOR ANALYSIS
1.1 Vector Algebra
Vector quantities have both direction as well as magnitude such as velocity, acceleration, force
and momentum etc. We will use A for any general vector and its magnitude bym. In diagrams
vectors are denoted by arrows: the length of the arrow is proportional to the magnitude of the
vector, and the arrowhead indicates its direction. Minus K(—K) is a vector with the same
magnitude as A but of opposite direction.

—

A

—_

-A

1.1.1 Vector Operations

We define four vector operations: addition and three kinds of multiplication.

(i) Addition of two vectors

Place the tail of B at the head of A ; the sum, A+ B, is the vector from the tail of A to the head
of B.

Addition is commutative: A+B =B+ A

Addition is associative: (ﬂ+ §)+6 = K+(§ C)

— —

To subtract a vector, add its opposite: A—B = A+(—B)

(if) Multiplication by scalar
Multiplication of a vector by a positive scalar a, multiplies the
magnitude but leaves the direction unchanged. (If a is negative, the
direction is reversed.) Scalar multiplication is distributive:

a(ﬂ+ E) —aA+aB
(iii) Dot product of two vectors
The dot product of two vectors is define by

AB = ABcosd
where & is the angle they form when placed tail to tail. Note that AB is
itself a scalar. The dot product is commutative,
AB=BA

and distributive, A(B+C)=AB+AC

Geometrically AB is the product of A times the projection of B alongﬂ
(or the product of B times the projection of A along§ ).

If the two vectors are parallel, AB=AB

If two vectors are perpendicular, then AB=0

H.No. 40-D, G.F,, Jia Sarai, Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498, Website: www.physicsbyfiziks.com, Email: fiziks.physics@gmail.com




fiziks
E‘ VECTOR ANALYSIS

Law of cosines

Let C = A—B and then calculate dot product of C with itself.
CC=(A-B).(A-B)-AA-AB-BA+BB
C?=A>+B*-2ABcosd

(iv) Cross product of two vectors
The cross product of two vectors is define by

Ax B = ABsin A
where A is a unit vector (vector of length 1) pointing perpendicular to the —
plane of A and B .Of course there are two directions perpendicular to any
plane “in” and “out.”
The ambiguity is resolved by the right-hand rule:
Let your fingers point in the direction of first vector and curl around (via the

smaller angle) toward the second; then your thumb indicates the direction of n. (In figure AxB
points into the page; BxA points out of the page)
The cross product is distributive,

/Kx(§+6) = (Kx§)+(7xx6)

but not commutative.
In fact, (ﬁxﬂ) = —(731>< E).

Geometrically, ‘Kx §‘ is the area of the parallelogram generated by A and B . If two vectors are

parallel, their cross product is zero.

In particular AxA=0 for any vector A
1.1.2 Vector Algebra: Component Form

Let X, yand Z be unit vectors parallel to the x, y and z axis, respectively. An arbitrary vector A
can be expanded in terms of these basis vectors

A=AX+AJ+A7

X
The numbers A , A, , and A, are called component of A; geometrically, they are the projections

of A along the three coordinate axes.
(i) Rule: To add vectors, add like components.

A+B=(AX+AJ+AZ)+(BR+B, J+B,7)=(A+B,)%+(A +B,)j+(A+B,)2
(i1) Rule: To multiply by a scalar, multiply each component.
A=(ar)%+(ah) )7+ (ar, )2
Because X, y and i

A A

P XY =X2=Yy72=0
“).(BX>‘<+Byy+B 7)=AB+AB, +AB,
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(iii) Rule: To calculate the dot product, multiply like components, and add.

In particular, AA=A +A+A = A= A +A+A
Similarly, XxX=yxy=2xZ=0,

(iv) Rule: To calculate the cross product, form the determinant whose first row is X, V, Z,
whose second row is A (in component form), and whose third row is B .

A ~

y 2
AxB=|A A A|=(AB,-AB, )x+(AB -AB,)j+(AB,~AB,)2
B, B, B,
Example: Find the angle between the face diagonals of a cube. Z1
Solution: The face diagonals A and B are (0,01)
A=18+0Y+15; B=0K+1y+17
So, = AB=1

Also, = AB = ABcosezx/E\/Ecosezcow:%:¢9=60°

Example: Find the angle between the body diagonals of a cube.

Solution: The body diagonals A and B are

— —

A=X+y-2;, B=X+y+2Z

So, > AB=1+1-1=1

Also, = AB = ABcos 6 = /3+/3cos 6 = cos 6 =%:> 0 =cos™ (%j

Example: Find the components of the unit vector A perpendicular

to the plane shown in the figure.

Solution: The vectors A and B can be defined as

R=-%+2§; B=-%+37 == trs  OXF3YH2z
|AxB 7

1.1.3 Triple Products
Since the cross product of two vectors is itself a vector, it can be dotted or crossed with a third
vector to form a triple product.
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(i) Scalar triple product: K(§ X 6)

Geometrically‘ﬂ.(ﬁxﬁ)‘ is the volume of the parallelepiped generated

by A B andC, since‘ExE‘ is the area of the base, and ‘Kcose‘ is 4

the altitude. Evidently,
A(BxC)=B(CxA)=C(AxB)

In component form K.(ﬁ x 6) _

Note that the dot and cross can be interchanged: K(ﬁx 6) = (Zx §).6

(ii) Vector triple product: Kx(ﬁx 6)

The vector triple product can be simplified by the so-called BAC-CAB rule:
Ax(BxC)=B(AC)-C(AE)

1.2 Coordinate System

If we want to represent any vector A then we need a coordinate system. We have three different
coordinate system namely Cartesian coordinate system, spherical polar coordinate system and
cylindrical polar coordinate system.

1.2.1 Cartesian Coordinate System

Let X, and Z be unit vectors parallel to the x, y and z axis, respectively. An arbitrary vector A

can be expanded in terms of these basis vectors

K:AK)A<+AY)7+A12

X Ay§/

The numbers A, , A, and A, are called component of A; geometrically, they are the projections

of A along the three coordinate axes.

Position and Separation Vectors
Z|

o source point

/field point
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The location of a point in three dimensions can be described by listing its Cartesian coordinates
(x, Y, z). The vector to that point from the origin is called the position vector:

r=xX+yy+zz.

=I5 a

X+ Y2+ 72

: . . - L XR+yy+z2
Its magnitude, r =/x* + y*+z* is the distance from the origin, and 7 =— yy
r

unit vector pointing radially outward.

Note: In electrodynamics one frequently encounters problems involving two points-typically, a

source point , r', where an electric charge is located, and a field point, r , at which we are
calculating the electric or magnetic field. We can define separation vector from the source

point to the field point by R;
R=r-r’.
Its magnitude is R= ‘F—F’ ,

and a unit vector in the direction from r' to r is R =

Infinitesimal Displacement Vector (dT)

The infinitesimal displacement vector, from point
P(x,y,2) to Q(x+dx,y+dy,z+dz), is

dl = dxg+dy§+dz3
Volume Element(dz)
Volume elementdz = dxdydz

Area EIement(d 5)

For closed surface area element is perpendicular to the surface
pointing outwards as shown in figure below.

(i) For x=2 plane, da=dydzk
(ii) For x=0 plane, da=—dydz&
(iii) For y =2 plane, da = dxdzy

(iv) For y=0 plane, da=—dxdzy
(v) For z=2 plane, da=dxdy?

(vi) For z=0 plane, da =—dxdy?
For open surface area element is shown in figure below (use right hand rule)

~

s L7

n
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1.2.2 Spherical Polar Coordinate System
In spherical polar coordinate any general point P lies on the surface of a sphere. The spherical
polar coordinates (r,9,¢) of a point P are defined in figure shown below; r is the distance from
the origin (the magnitude of the position vector), € (the
angle drawn from the z axis) is called the polar angle, and ¢
(the angle around from the x axis) is the azimuthal angle.

Their relation to Cartesian coordinates (x, y,z) can be read  rcos@

from the figure:
X =rsindcosg, y =rsinésin ¢,

Z)

Z=rcosé
and r=x"+y*+2%, 0= cos‘l(zj, ¢= tan‘l(lj
r X

The range of ris 0 —» o0, & goes from 0 —» =, and ¢ goes from 0 — 2.
Figure shows three unit vectors r, é,q@, pointing in the direction of increase of the corresponding
coordinates. They constitute an orthogonal (mutually perpendicular) basis set (just like X, ¥,7),
and any vector A can be expressed in terms of them in the usual way:

=Af+ A949+
A., As,and A, are the radial, polar and azimuthal components of A.

If we have sphere or any part of the sphere, then we can specifyr,& and ¢. Lets consider some

examples shown in figure below:
SPiEE Hemi-sphere

r-0-R
0:0>7/2

Ry MO

Octant " Ice-creame cone
A

YA
R r-0»R r-o->R

0:0>7/2 0:0—>7z/6
$:0>7/2 : ¢:0—> 27

R

y

X¥R

Infinitesimal Displacement Vector (dT)

An infinitesimal displacement in the t direction is simply dr (figure a), just as an infinitesimal
element of length in the x direction is dx:

dl, =dr
On the other hand, an infinitesimal element of length in the 6 direction (figure b) is rdé

dl, =rdé@
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Similarly, an infinitesimal element of length in the q; direction (figure c) is rsin&d¢g
dl, =rsin@dg
Thus, the general infinitesimal displacement di is
di =drf+rdéé+rsin 0dgg

This plays the role (in line integrals, for example) that dl = dx X+ dy y+dzZ played in Cartesian
coordinates.

"

Area Element da

rsinédeg

If we are mtegratlng over the surface of a sphere, for instance, then r is
constant, whereas 8 and ¢ change, so
da = dl,dI,f = r2sin@d@dgt
on the other hand, if the surface lies in the Xy plane, then & is constant
(6 =7x/2)whilerand ¢ vary, then
da. =dl,dl,0 = r?drdgéd

If we are integrating over the surface of an octant, for instance, then r
is constant (r=R), whereas @ and ¢ change, so, da,

da: = dl,dI,F = R?sin 9dgd g7 .
If the surface lies in the xy plane, then @ is constant (6 =x/2) Octant
while rand ¢ vary, then

da, =dI.dl,0 = r’drdgd
If the surface lies in the yz plane, then ¢ is constant (¢=7/2)
while rand ¢ vary, then —¢

das = dI,dl,¢ = rdrd 6
If the surface lies in the xz plane, then ¢ is constant (¢ =0) while p
rand ¢ vary, then

da. =—dI.dl,é = —rdrd6¢
Volume Element(dz)
The infinitesimal volume element dz, in spherical coordinates, is the product of the three
infinitesimal displacements:

dz =dl.dl,dl, =r*singdrdodg Zy

1.2.3 Cylindrical Polar Coordinate System I

In cylindrical polar coordinate any general point P lies on
the surface of a cylinder. The cylindrical coordinates r,¢,z

of a point P are defined in figure. Notice that ¢ has the same

meaning as in spherical coordinates, and z is the same as
Cartesian; r is the distance to P from the z axis, whereas the
spherical coordinate r is the distance from the origin. The

X

=0
R
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relation to Cartesian coordinates is
X=rcos¢, y=rsing, z=z
The range of r isO — o, ¢ goes from 0 — 27, and z from — oo t0 ©
If we have cylinder or any part of the cylinder, then we can specify r,¢ andz. Let us consider

some examples shown in figure below:

Cylinder Cylinder Quarter Cylinder

7 z

r-o->R Z r-o->R
— S 40527 40712
z:-L/I2—>1L/2 z:0->L
L y

4

Infinitesimal Displacement Vector (dT)

If (r,4,z) changes to (r+dr,¢+dg,z+dz),
The infinitesimal displacements are
dl, =dr, dl, =rdg, dl, =dz,
So dl =drf+rdgg+dz3
Area Element (d 5)
If we are integrating over the surface of an quarter cylinder, for instance,
then r is constant(r = R), whereas ¢ and z change, so, 5
da: =dl,dl,F = rdgdzf . TR .
If the surface lies in the xy plane, then z is constant (z=L) while rand ¢ g ¢
vary, then —
da, =dl,dl,Z = rdrd¢2
If the surface lies in the xy plane, then z is constant (z =0) while rand ¢
vary, then

Quarter Cylinder

da, = —dI,dl,0 = —rdrd¢?

If the surface lies in the yz plane, then ¢ is constant (¢ =z /2) while rand z vary, then
das = dl dl¢ = drdzg

If the surface lies in the xz plane, then ¢ is constant (¢ =0) while rand z vary, then
da. = —dI dl ¢ = —drdzg

Volume Element(dz)

The infinitesimal volume elementdz, in cylindrical coordinates, is the product of the three
infinitesimal displacements:
dz =dl.dl,dl, = rdrd¢dz
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1.2.4 Transformation of a Vector from One System to Other
Transformation of a Vector from Cartesian to Spherical Polar

We can transform any vector A= A X+A y+A 7 in Cartesian coordinates to Spherical polar
coordinate as A= AF+ A0+ Agp.

2 A
< “90+9

e F
cosd E- fév cos(90+6)
g/:' =-sing
¢ sind> i A . . \ S~ -
/Zp;;ectlonof( sin(90+0) ™ ¢

f in xy plane =Ccosd

sin(90+¢)
=C0S ¢

X =rsinédcosg, y =rsindsing, z=rcosd cos(90+¢)
and use table given below: =—sing

—;]___,
L/ 90+¢

A

r %

sin@cos¢ | cosécosg

sindsing¢ | cosédsin ¢

cosé —sin@

—_

Example: Transform vector A=xX+yy+zZ in Cartesian coordinates to Spherical polar
coordinate as A= AF+ A0+ Agp.

Solution:

A =Af= X(XF)+y(§.F)+z(ZF)

= A =rsin@cosg(sinfcosg)+rsingsing(sindsing)+rcosd(coso)

¢)+
= A =rsin’0(cos’ g+sin’ g)+rcos’ O =r

A, =Af = x(>‘<..9)+ y(9.9)+ z(z.e)
= A, =rsindcosg(cosfcosg)+rsingsing(cosdsing)+rcosd(—sin o)

= A, =rsin9cos6(cos’ g+sin’ ) —rsindcosd =0
A =Ad= x(f(.q;)+ y()”/.(/;)+ 2(2.43)
= A, =rsindcosg(—sing)+rsingsing(cosg)+rcosdx0=0

Thus in spherical polar coordinate A=rf.

H.No. 40-D, G.F,, Jia Sarai, Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498, Website: www.physicsbyfiziks.com, Email: fiziks.physics@gmail.com




fiziks
E‘ VECTOR ANALYSIS

Example: Transform vector A=rf in Spherical polar coordinate to Cartesian coordinates to as

A=AR+AJ+AZ.

Solution: A = AR =r(f.X)=rsindcos¢=x
A =AJ=r(i.9)=rsindsing=y
A =Ai=r(f.2)=rcosd=1

Thus, in Cartesian coordinate A= x%+ y§+ 22 .

Transformation of a Vector from Cartesian to Cylindrical
Coordinate

We can transform any vector A= A %+ A y+A,Z in Cartesian

coordinates to cylindrical coordinates as A = AT+ A¢¢3 +A7Z
Thus,
A =

where X =rcosg,

use table given below:

Example: Transform vector A=x%+y§+zZ in
Cartesian  coordinates to cylindrical coordinate

%Z:Aj+A&+A2

Thus, in spherical polar coordinat

Example: Transform vector A

asA=AX+Ay+A7Z.

Solution: A =AX=r(fR)+z(28)=rcosg=x, A =AJ=r(F.9)+z(Z9)=rsing=y
A =Ai=r(f.2)+z2(22)=z

Thus in Cartesian coordinate A= XX + y§ + 27 .

-
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1.3 Differential Calculus

1.3.1 “Ordinary” Derivatives

Suppose we have a function of one variable: f(x) then the derivative, df /dx tells us how rapidly
the function f(x) varies when we change the argument x by a tiny amount, dx:

df = (ﬂjdx
dx

In words: If we change x by an amount dx, then f changes by an amount df; the derivative is the
proportionality factor. For example in figure (a), the function varies slowly with x, and the
derivative is correspondingly small. In figure (b), f increases rapidly with x, and the derivative is
large, as we move away from x = 0.

Geometrical Interpretation: The derivative df / dx is the slope of the graph of f versus x.

fa fa

/\/\

(a) ‘ (b)

1.3.2 Gradient
Suppose that we have a function of three variables-say, V (x, y, z) in a

dv = (ﬂj dx + (ﬂj dy + (ﬂ) dz.
OX oy oz

This tells us how V changes when we alter all three variables by the infinitesimal amounts dx, dy,
dz. Notice that we do not require an infinite number of derivatives-three will suffice: the partial
derivatives along each of the three coordinate directions.

oV, oV . oV, - N = :
Thus dV =| —X+—y+—1Z |-(dxX+dyy+dzz)=\W ] (dl

(ax s azj( y§+dz2)= (W ) (di)
where W:ﬂfwﬂfwﬂi is the gradient of V .

OX oy 0z

W is a vector quantity, with three components.

Geometrical Interpretation of the Gradient

Like any vector, the gradient has magnitude and direction. To determine its geometrical
meaning, let’s rewrite

dvV =W -dl = FWHdl“cose
where @ is the angle between W and di. Now, if we fix the magnitude ‘di‘ and search around

in various directions (that is, vary @), the maximum change in V evidently occurs when =0
(for thencos@ =1). That is, for a fixed distance‘di‘, dV is greatest when one move in the same

direction asW . Thus:

The gradientW points in the direction of maximum increase of the function V.
Moreover:

The magnitude ‘W‘ gives the slope (rate of increase) along this maximal direction.
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Gradient in Spherical polar coordinates V (r,0,¢)

16Vé+

1 oV -

r 06

rsiné og¢ a9

Gradient in cylindrical coordinatesV (r $.2)
10V -

—

ov

W =2_F

Stationary Points of a Function:
For maxima, minima or saddle point of a function f (x,y):

So put f,

Find f,(a,b)=

or

o f
e

A

=i_o and f _af
OX

__¢ -

r og

EY
fy (@

az

o’ f

e

()

and f(ab)=—

H-value Test: H = f,(a,b) fw(a,b)—[fxy(aib)]z

If H <0, then (a,
If H >0, then (a,
If f,(ab)and

b)
b)
(

f

vy

iS a either maxima or minima.

Vf =0.
=0 and solve for (x,y)=(a,b).

o [ of

OX

is a saddle point i.e. neither maxima nor minima.

a,b) both are positive then at (a,b) there is minima.

If f,(a,b)and f (a,b) bothare negative then at (a,b) there is maxima.

Example: Find stationary points of f (x,y)=x"-4x*+y?.

Solution: f,

So points are (0,0), (\/_ O)( \/E,O).

o’ f

X2

Then f,, =

=12x?

-8,

f

yy:

o’ f

ayZ

=;i=4x3—8x=0 :>x=0,ix/§ and fy
X

EY

0

-4

OX

(0.0)

(29

(29

XX

-8

16

16

yy

2

f
f
f

Xy

0

0

H

-16

32

(0,0): Saddle point and (ﬁ,o),(—ﬁ,o) are minima

Directional Derivative: The directional derivative of a function
f (x,y,z) ata point P in the direction of a vector fi is defined by

D, f =9 _jim
ds s—o0

S

f(Q)-1(P)

Here Q is a variable point on the straight-line L in the direction of A
and s is the distance between P and Q. Also, s>0 if Q lies in the
direction of A, s<0 if Q lies in the direction of —A and s=0 if
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The line L is given by F(s)=x(s)X+y(s)y+z(s)Z=p,+si where P, is the position vector
of P.

Thus D, f =3—f is the derivative of the function f(x(s),y(s),z(s)) with respect to the arc

S
length s of L. Now Dﬁf:ﬂ i% iﬂ ﬂ% 8fx- _y+ﬂz

ds oxds oyds ozds ox oy 0z
where primes denote derivatives w.r.t. s (which are taken at s=0)
Now F'=x'X+y'y+z'Z2=1 and "~ Vf :ﬂ§<+ﬂ9+ii
ox oy 0z

= Dﬁf=g=ﬁ-(6f)P

Note: If the direction is given by a vector & of any length (= O), then

df
D,f= Vi
a7,

Example: Find the directional derivative of f(x,y,z)=2x*+3y?+2z* at point P(2,1,3) in the
direction of @ =X-27 or a=[1,0,-2].

Solution: Vf :4x>?+6y9+222:>(§f) =8X+6Y+67

(213)

X—27 e B 1 4
=D, f— Vf = ———— |- (8X+6y+62)=—|8+0-12|=——— =-1.789

5
Thus, minus sign indicates that at P the function f is decreasing in the direction of n.
Gradient as a surface Normal Vector:
Let S be a surface given by f(x,y,z) = C = constant (Level surface). Such surface is called a
level surface of f and for different C we get different

level surfaces. Now let C be a curve on S through a Tangent
point P of S. As a curve in space, C has representation Plane

F(t)=x(t)X+y(t)y+z(t)2
For C to lie on the surface S, the components of F(t)
must satisfy f (x,y,z)=C, thatis

f(x(1),y(1),2(t) =C
Now a tangent vector of C is
F'(t)=x'(t)x+y'(t)y+z'(t)Z and the tangent vectors
of all curves on S passing through P will generally form
a plane, called tangent plane of S at P. The normal to this plane is called the surface normal to S
and P.
of dx of dy 6f dz Ojaf " of of _, (?f)-?':o

Thus — —+— —X+—y'+—7'=0 =
ox dt oy dt az dt OX 6y 0z

Hence Vf is orthogonal to all the vectors F' in the tangent plane, so that it is a normal vector of
SandP.

f = constant
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Example: Find a unit normal vector A of the cone of revolution z° :4(x2 + yz) at the point
P(10,2).

Solution: The cone is a level surface f =0 of f(x,y,z)=4(x’+y*)-
Vi 8%-47 2%-1

vi| ~ J64+16 5

2.

Thus Vf =8xX +8yy —227 :(?f) =8%-47 =h=
(£,0,2)

Equation of a Tangent Plane to any Surface:

Let given point be P(x0 yo,zo) and Q(x y,z) be any point on tangent plane.

Then PQ=(x—x,)X+(y—-Y,)¥+(z-2,)Z (tangent vector at P on the surface)

Thus (Vf) at P is normal vector at P.

So, (?f )atp -PQ=0| (Equation of tangent plane at P )

Example: Find the equation of the tangent plane to the surface x’y’z=12 at the point
P(1-2,3).

Solution: Here given point be P(1,-2,3) and Q(X,Y,z) be any point on tangent plane.

= PQ=(x-1)%+(y+2)§+(z-3)2

f _ 2.,2,\0 3 - 3.2\ 3 = u A ~ A

vf _(3x y z)x+(2x yz)y+(x y )z :>(Vf )(1,—2,3) =36X-12y+4z

Thus (?f )(1’_2‘3)-@:0 = 36(x-1)-12(y+2)+4(z-3)=0 = 36x-12y+4z=72

=[9x -3y +z=18|
Example: Find the gradient of a scalar function of position V where V(x, y,z):x2y+ez.
Calculate the magnitude of gradient at point P(1, 5,-2) .

Solution: V(xy,z)=x*y+e’
W_a—VA a—V§I+a—vz_2xyx+x y+e'z
OX oy lo/4

At P(1,5,-2) = W =10%+ § +0.13537 = Wv‘ = v/10? +1% +0.1353? =10.056

Example: Find the unit vector normal to the curve y = x* at the point (2, 4, 1).
Solution: The equation of curve in the form of surface is given by
X*-y=0
A constant scalar function V on the surface is given by V (x, y, z) = x* -y
Taking the gradient
= 0 0 0
W =V(x* - Xy R+ = (x> =yl +=—(x*—y)i =2xX -
= y)= 0 =y r Tyl D0 -yl -2
The value of the gradient at point (2, 4, 1), W =45 — y
The unit vector, as required
Aot 4x y +
4% - §|
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Example: Find the unit vector normal to the surface xy*z* = 4 at a point (-1, -1, 2).

Solution: §(xy3zz)= %(xyszz)f( +%(xy322)9 +%(xy322)2 = (y3z2 ))“( + (3xy222)§/ + (2xy3z)2

Ata point (-1, -1, 2), §(xy322): —A4%-12y+47
Unit vector normal to the surface
-4%x-12y+47 1 (

JEaR +(F122) 442 NI
Example: In electrostatic field problems, the electric field is given byE =-W , Where V is the

scalar field potential. If V = r?¢ — 260 in spherical coordinates, then find E .
Solution: V =r?¢-260

fi = £+39-7)

In spherical coordinate, W =ﬂf+lﬂé+ 1 ﬂq;
or roe rsinéd o¢

2 ~

Substituting the suitable values, W = 2rgr —Eé+ r 1/
r rsiné

S E--W =g b
r sin@

e —

1.3.3The Operator%
The gradient has the formal appearance of a vector, vV, “multiplying” a scalar V:

W =(>A(i+ 9£+ 2£JV

OX oy oz

The term in parentheses is called “del”:

= .0 ~0 .0

V=X—+Yy—+7—

OX oy oz

We should say that V is a vector operator that acts upon V, not a vector that multiplies V.
There are three ways the operator V can act:
1. on a scalar function V: W (the gradient);
2. 0n a vector functionﬂ, via the dot product: VA (the divergence);

3. on a vector functionﬂ, via the cross product: VxA (the curl).
1.3.4 The Divergence

From the definition of V we construct the divergence:

— — O0A
V-A= >“<£+9i+22 -(AX>“(+Ay§/+A22)= @ 101y +6AZ
oXx ~oy oz oXx oy oz
Observe that the divergence of a vector function A is itself a scalarV - A. (You can't have the
divergence of a scalar: that’s meaningless.)
Geometrical Interpretation

V- A is a measure of how much the vector A spreads out (diverges) from the point in question.
For example, the vector function in figure (a) has a large (positive) divergence (if the arrows
pointed in, it would be a large negative divergence), the function in figure (b) has zero
divergence, and the function in figure (c) again has a positive divergence. (Please understand that

A here is a function-there’s a different vector associated with every point in space.)
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|

iy

(@) A=xR+yy+1zi (b) A=3
Divergence in Spherical polar coordinates
VA_%E(r A )+ : —(singA,)+ 1 A
re<or rsind oo rsind o¢
Divergence in cylindrical coordinates
oA
L1 oA
r op oz
Example: Suppose the function sketched in above figure are A= XK+ ywW+2Z2, B=7 and

C = z7. Calculate their divergences.

Solution: €.z=é%oq+53@o+é§@)=1+1+1=3

V-B=2(0)+2(0)+2

—(1)=0+0+0=0
OX 0z

oy
v.C=20)+2(0)+2(2)= -
V.-C= (o)Jray(o)wLa (z2)=0+0+1=1

OX Z

Example: Given
(i) A=2xyR+ 29 + yz%2, find V- A at (2,-1,3)
(i) A = 2r cos? ¢f +3r sinzg + 4zsin’® 47 , find V- A
(i) A=10F +5sin @9, Find V - A
oA, OA, OA
+ -
oXx oy oz
A =2xy,A =2,A, =y22 =>V-A=2y+0+2yz, At (2,-13), V- A= 2-6=-8
- oA,
(i) In cylindrical coordinatesV - A = 10 —(rA )+ L e
ror r op oz
cos? ¢, A, =3r’sinz, A, = 4zsin’ ¢

Solution: (i) In Cartesian coordinatesV - A =

A =2r
SV-A= 14rcos p+0+4sin’ ¢ = 4(cos ¢ +sin? ¢):

— oA
(iii) In spherical coordinates,V - A= 12 0 (rzAr)+ 1 i(sin oA, )+ 1 —
or rsind o6 rsind o¢

A =10,A, =5sin0,A, =0
=V. K:—20r+ L 10sin @cosd = (2+cos@)10/r)
r’ rsiné
e —
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1.3.5 The Curl
From the definition of V we construct the curl

~ ~ A

X y z
VxA=|0/ox 0ldy dloz
A A A

X y z

oA, OA) (0A  OA\ [OA, OA
= - +y - +2 -
oy oz oz oX ox oy
Notice that the curl of a vector function A is, like any cross product, a vector. (You cannot have

the curl of a scalar; that’s meaningless.)
Geometrical Interpretation

Vx A is a measure of how much the vector A “curls around” the point in question. Figure
shown below have a substantial curl, pointing in the z-direction, as the natural right-hand rule
would suggest.

Foré rsindg
1 o 0 0
r’sind| or 00 94
A TA, TsindA,

Curl in Spherical polar coordinates V x A=

Curl in cylindrical coordinates VxA=

Foorg
1o o
ror o¢

A TA A

Example: Suppose the function sketched in above figure are A= —yX+ Xy and B= xy . Calculate
their curls.

R J 7 R § 7
Solution: VxA=|0/dx /oy 0/6z)=27 and VxB=|0/0x aldy 0ld7=2
-y X 0 0 X 0

As expected, these curls point in the +z direction. (Incidentally, they both have zero divergence,
as you might guess from the pictures: nothing is “spreading out”.... it just “curls around.”)

Example: Given a vector function A = (x+¢,2)% + (¢, X —32) + (X + ¢,y + ¢, 2)3.
(a) Calculate the value of constants c,,c,,C; if A is irrotational.

(b) Determine the constant c, if A is also solenoidal.
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(c) Determine the scalar potential function V, whose negative gradient equalsﬂ.

X y 7
. - . - — 0 0 0
Solution: If A isirrotational then, Vx A=| — — — =0

OX oy 0z
(x+c,z) (c,x—32) (x+cy+c,z
:§xﬂz(c3+3)i—(1—cl)9+(cz—0)2:0 =, =1c,=0,c,=-3

(b) If A is solenoidal, V - A +— +6§2 =1+0+c,=0=c, =—

_ 2

A=(x+2)8+(-32)§ +(x -3y —2) :%:—X—Z:V:-%—xz+ f,(y,z),

0 oV z°
—— =3z=>V =3yz+ f,(x,2), a—:—x+3y+z =V :—xz+3yz+7+ f.(x,y)
z

Examination of above expressions of V gives a general value of
2 2

\Y :—X——xz+3yz+z—
2 2
Example: Find the curl of the vector A= (e" /r)é
Solution: A= (e" /r)é:> A =0A, (e /r)
Frd rsin 9¢
1 |0 0 0
r’sindlor 00  0¢
A TA, rsingA,
Example: Find the nature of the following fields by determining divergence and curl.
(i) F1=30%+ 2xyy +5xz22

VxA=

(i) F,= (@jﬂrloﬁ (Cylindrical coordinates)
r

Solution:
- T oF
(i) F1=30%X+2xyy +5xz2°7 =V -F1 = R, + + R, _ 2x(1+52)
OX oy 0z

Divergence exists, so the field is non-solenoidal.

~ ~ A

X ¥ Z

U —52°§ + 2y7 .The field has a curl so it is rotational.

ox oy oz
30 2xy 5xz’

(i) F,= 150jr +10¢ in cylindrical coordinates.

r

10F,,  OF, _-150
r a¢ 0z re

N . . - = 1
In cylindrical coordinates, DivergenceV - F , = _86 (rF,, )+
r
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The field is non-solenoid.

r(,z; 4
i i :E 7. Ez has non-zero curl so it is rotational.
op oz| r

(@j 10r O

r2

e —

1.3.6 Product Rules
The calculation of ordinary derivatives is facilitated by a number of general rules, such as the

sum rule: i(f+g)=£+d—g,
dx dx dx
df

the rule for multiplying by a constant: %(kf )=k—

dx’
d dg df
—(fg)=f ==+9—,
dx(g) dx+gdx
df _dg

g
and the quotient rule: di(éJ —_Ox _ dx

the product rule:

X g°

Similar relations hold for the vector derivatives. Thus,
V(f+g)=Vf+Vg, §(K+§)=(§X)+(§§)

Vx(A+B)=(VxA)+ (7 <B)
and V(ki)=kVi, V-[kA)=k(V-A) Vx(kA)=k(VxA)
as you can check for yourself. The product rules are not quite so simple. There are two ways to

construct a scalar as the product of two functions:
f g (product of two scalar functions),

A-B (Dot product of two vectors),
and two ways to make a vector:

fA (Scalar time’s vector),

AxB (Cross product of two vectors),
Accordingly, there are six product rules,
Two for gradients
() V(fg)= fVg+gVf, (i) V(A-B)=Ax(VxBJ+Bx(VxA)+(&-VB+(B-V]A,
Two for divergences
(i) V-(fA)= t(V-AJ+A-(Vf) (v) V-(AxB)=B-(VxA)-A-(VxB)
And two for curls
W) Vx(fA)= 1(VxA)-ax(V) (vi) Vx(axB)=(B-VJA-(A-VB+A[V-B)-B[V-A)
It is also possible to formulate three quotient rules:

(1)-5"=1% g.[é}g(ﬂ)—i(%) @[K]:g(%xx)dx(\?g)

g 9’ g g’ ! g g’ '
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1.3.7 Second Derivatives
The gradient, the divergence, and the curl are the only first derivatives we can make with V; by

applying V twice we can construct five species of second derivatives. The gradient W is a
vector, so we can take the divergence and curl of it:
(1) Divergence of gradient: V- (W)
— (= 2 2 2
V(W) xi+yi i v >“<+a—v§/+a—v2 :6\2/ +8\2/+6\2/'
OX oy az OX oy 0z OX oy 0z

This object, which we write V2V for short, is called the Laplacian of V. Notice that the
Laplacian of a scalar V is a scalar.
Laplacian in Spherical polar coordinates

LR 5 R A T
r<or or ) r’sin@ o6 06 ) r’sin*@\ o¢

Laplacian in cylindrical coordinates
vV —12( v j+i282—\2+@
ror\ or r-og- oz
Occasionally, we shall speak of the Laplacian of a vector, V?A. By this we mean a vector
quantity whose x-component is the Laplacian of Ay, and so on:
v2A=(V2A i+ (V2A, )y +(V2A, .
This is nothing more than a convenient extension of the meaning of V2.
(2) Curl of gradient: V x (W)
The divergence V- A is a scalar-all we can do is taking its gradient.
The curl of a gradient is always zero: V x (W ): 0.
(3) Gradient of divergence: 6(6 . K)
The curl V x A is a vector, so we can take its divergence and curl.
Notice that 5(5 . K) IS not the same as the Laplacian of a vector:
Vﬁ’:(ﬁ% A;ﬁ(ﬁﬂ).
(4) Divergence of curl: V- (6 X K)
The divergence of a curl, like the curl of a gradient, is always zero:
V- (6 X K) =0.

() Curlofcurl:  Vx(VxA

As you can check from the definition of V:
§x(§xx)=§(§~x)—V2A.

So curl-of-curl gives nothing new; the first term is just number (3) and the second is the

Laplacian (of a vector).

—
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1.4 Integral Calculus 7
1.4.1 Line, Surface, and Volume Integrals

(a) Line Integrals

A line integral is an expression of the form

j:"A-di,

where A is a vector function, dl is the
infinitesimal displacement vector and the integral
is to be carried out along a prescribed path P
from point a to point b. If the path in question
forms a closed loop (that is, if b = a), put a circle
on the integral sign:

X

fA-di.
At each point on the path we take the dot product of A (evaluated at that point) with the
displacement dl to the next point on the path. The most familiar example of a line integral is the
work done by a force F :
W =[F-di
Ordinarily, the value of a line integral depends critically on the particular path taken from a to b,
but there is an important special class of vector functions for which the line integral is
independent of the path, and is determined entirely by the end points (A force that has this

property is called conservative.)
Example: Calculate the line integral of the function Ya

A=y2%+2x(y+1)y from the point a = (1, 1, 0) to the point ~ 2f
b = (2, 2, 0), along the paths (1) and (2) as shown in figure. -
What is §7&-di for the loop that goes from a to b along (1)
and returns to a along (2)?

Solution: Sincedl = dxX + dyy + dzZ. Path (1) consists of two
parts. Along the “horizontal” segment dy =dz =0, so

() di=d&, y=1 A-di=y’dx=dx so [A-di=[dx=1
On the “vertical” stretch dx =dz =0, so
(i) di =dyy, x=2, A-dl=2x(y+1)dy =4(y+1)dy, so IZ- di = 4L2(y +1)dy =10.
By path (1), then,
[A-di=1+10=11

Meanwhile, on path (2) x =y, dx =dy, and dz =0, so

di = dx%+ dxj, A-di = x?dx+ 2x(x +1)dx = (3x? + 2x)dx
S0

b— > 2 2
L A-dl :J-l (3x2 +2x)dx :(x3 +x21l =10
For the loop that goes out (1) and back (2), then,
fA-di=11-10=1
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Example: Find the line integral of the vector

A=(x* = y? )k +2xy§ around a square of side ‘b’ which
has a corner at the origin, one side on the x axis and the
other side on the y axis.

Solution: In a Cartesian coordinate

systemdl = dxX + dyy + dzZ, A= (x2 —~ y2)§(+2xy§/
{> A-dl = §[(x2—y2)dx+2xydy]

OPQRO OPQRO

3

b
Along OP, y =0, dy = 0= IA-dI = .|'x2dx=b?

Along PQ , x = Db, dx—O:>IA dl —j2bydy b®
y=0
0

| ol g 2
Along QR, y =D, dy=0:(JRAdI: J(xz—bz)dx:(?—bsz :§b3

x=b x=h

Along RO, x=0, dx=0 = IA-dI:O
§A-d|= jA-d|+ jA-d|+jA-d|+ jA-dl
QR RO
b3
=—+b%+= b3+0 2b®
3 3

Example: Compute the line integral F = 6%+ yz2§ +(3y +2)3
along the triangular path shown in figure.

Solution: Line Integral §E.di = Ll_f.di + Ll_f.di + Ll_f.di

Onpath C, x=0, y=0, dI =dzZ

0
IE-di:ZIZ[6>2+ y229+(3y+z)2]'d22 = j). zdz:é :—E:—Z

=2 2

Onpath Cp, x =0, z=0, di = dw:>IFd Iyzzdy 0

C, y=0
On path Cs the slope of line is-2 and intercept on z axis is 2= z = -2y + 2 = 2(1- y)
and the connecting points are (0, 1, 0) and (0, 0, 2)
OnC; x=0,dx=0 dl=dyy+dzZ

0

IF -dl = J(yzz)dy+(3y+z)dz = j y[2(1-
Cs Cs y=1
0

 [ay+ay’ ~sy*hy+ [ [3 A
_! Yy+4y  —aoy y+I0( —E)Z— 7 +T

1

7=

- 1+2+6 1——:>§Fd| JFdi+ [Fai+[Fdi= -2+0+%:§
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Example: Given A=2r COS¢@T + r¢3 in cylindrical coordinates. Find §7&-di+ jﬁ-di where c,
C, C,
and c, are contours shown in figure.

-
.

Solution: In cylindrical coordinate system dl = drf + rd¢¢3+ dzz, A=2r COS@T + r¢3
A-dl = 2rcosgdr + r’dg
In figure on curve ¢, ¢ varies from0to 2z,r =b anddr=0

Wx-di = Trquﬁ = 270’
. i
-2

On curve c,,r =a,¢ varies from 0 to— 27, and dr = 0= §K~di 8- Ir2d¢r§=—27za2

o ¢=0
r=a

So,  fA-di+§A-di=2z(®-a%)

G )

(b) Surface Integrals
A surface integral is an expression of the form

[A-da

S

where A is again some vector function, and da is an
infinitesimal patch of area, with direction perpendicular to

the surface(as shown in figure). There are, of course, two

directions perpendicular to any surface, so the sign of a

surface integral is intrinsically ambiguous. If the surface is %

closed then *“outward” is positive, but for open surfaces it’s arbitrary.

If A describes the flow of a fluid (mass per unit area per unit time), then J A-da represents the

total mass per unit time passing through the surface-hence the alternative name, “flux.”
Ordinarily, the value of a surface integral depends on the particular surface chosen, but there is a
special class of vector functions for which it is independent of the surface, and is determined
entirely by the boundary line.

Example:  Calculate  the  surface  integral  of T(V) i)
A=2xz8+(x+2)§ + y(z2 - 3)2 over five sides (excluding the |
bottom) of the cubical box (side 2) as shown in figure. Let
“upward and outward” be the positive direction, as indicated by
the arrows.

Solution: Taking the sides one at a time:

(i) x=2, da= dydzX, A-da= 2xzdydz = 4zdydz, so

i)
2

X
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- - 2 2

J'A-da:4jO dy_[0 zdz =16.

(i) x=0, da=—dydz%, A-da=-2xzdydz=0, so[A-da=0.

- A — - — - 2 2

(iii) y=2, da=dxdzy, A-da=(x+2)dxdz, so _[A-dazjo (x+2)dx'[0 dz =12.

(iv) y=0, da=—-dxdz§, A-da=—(x+2)dxdz, so I:_A:-d5.= —'[Oz(x+2)dxj.02dz =—
- R - - 2 2

(v) z=2, da=dxdyz, A-da:y(zz—3)dxdy:ydxdy, so_[A-da:j0 de'0 ydy =4

Evidently the total flux is A-da=16+0+12-12+4 =20

surface

Example: Use the cylindrical coordinate system to find the area of a curved surface on the right
circular cylinder having radius = 3 m and height = 6 m

and30° < ¢ <120°.

Solution: From figure, surface area is required for a cylinder when

r=3m,z=0to6m,

2
30° < ¢ <120° or <¢<?”
In cylindrical coordinate system, the elemental surface area as
scalar is da =rdg¢dzf

Taking the magnitude only
2713 6
2r 7 z
A=|da= rdgdz=3 =—-=16=97m?
! T (3 6)

$p=rl16  7=0
Example: Use spherical coordinate system to find the area of the strip a <8</ on the

spherical shell of radius ‘a’. Calculate the area when « =0 and g = .
Z)

g?

X
Solution: Sphere has radius ‘a’ and @ varies between « and 5.

For fixed radius the elemental surface is da = (rsin@dg¢)rd@) =r?sin6dddg

B 2z B
Area A= I J‘rzsiné’ded¢=27ra2 jsin6d9=27ra2(c03a—cosﬁ)

O=a $p=0 O=a

Fora =0, =, Area= 2ra*(1+1)=4ra?, is surface area of the sphere.

e e —

H.No. 40-D, G.F,, Jia Sara1 Near IIT, Hauz Khas New Delhl 16



fiziks
s VECTOR ANALYSIS

(c) Volume Integrals
A volume integral is an expression of the form

LTda

where T is a scalar function and dz is an infinitesimal volume element. In Cartesian coordinates,
dz =dxdydz.

For example, if T is the density of a substance (which might vary from point to point) then the

volume integral would give the total mass. Occasionally we shall encounter volume integrals of

vector functions:

[Adr=[(Ax+Ag+AZM=3[Adr+§[Adr+2[Ade;
because the unit vectors are constants, they come outside the integral.

1.4.2 The Fundamental Theorem of Calculus
Suppose f (x) is a function of one variable. The fundamental theorem of calculus states:
Ibﬂdx = f(b)- f(a) or ‘
a dx £ (b)
[ F(x)dx= f(b)- f (a) f
where df /dx = F(x). @
Geometrical Interpretation

According to equation df = (df /dx) dx is the infinitesimal change in

f when one goes from (x) to (x + dx). The fundamental theorem

says that if you chop the interval from a to b into many tiny pieces,

dx, and add up the increments df from each little piece, the result is

equal to the total change in f is f (b) —f (a).

In other words, there are two ways to determine the total change in the function: either subtract
the values at the ends or go step-by-step, adding up all the tiny increments as you go. You’ll get
the same answer either way.

1.4.3 The Fundamental Theorem for Gradients Zi
Suppose we have a scalar function of three
variables V(x, y, z). Starting at point a, we moves a

small distance di,. Then b

av = (W )-dis. §
Now we move a little further, by an additional ae :
small displacementdiz ; the incremental change in \LU/

dl,

V will be(W)-diz. In this manner, proceeding by
infinitesimal steps, we make the journey to point X
b. At each step we compute the gradient of V (at that point) and dot it into the displacement

di ...this gives us the change in V. Evidently the total change in V in going from a to b along the
path selected is

g&w)m:v@yv@y

This is called the fundamental theorem for gradients; like the “ordinary” fundamental theorem, it
says that the integral (here a line integral) of a derivative (here the gradient) is given by the value
of the function at the boundaries (a and b).
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Geometrical Interpretation

Suppose you wanted to determine the height of the Eiffel Tower. You could climb the stairs,
using a ruler to measure the rise at each step, and adding them all up or you could place
altimeters at the top and the bottom, and subtract the two readings; you should get the same
answer either way (that's the fundamental theorem).

Corollary 1: j: (W) di is independent of path taken from a to b.

Corollary 2: §(§V) di =0, since the beginning and end points are identical, and hence

V(b) - V(a) =0.
Example: Let V = xy?, and take point a to be the origin (0, 0, 0) and b the point (2, 1, 0). Check
the fundamental theorem for gradients.
Solution: Although the integral is independent of path, we must pick a specific path in order to
evaluate it. Let's go out along the x axis (step i) and then up (step ii). As always,

dl =dxX+dy §+dz2, W = y>%+2xy Ay
(i) y=0; di =dx®, W -di=y*dx=0,s0 [W-di =0
(i) x=2; di =dy§, W.dl =2xydy =4ydy, so
— > ] 1 _ 2 1 _
[ W -di= [ 4ydy=2y* =2
Evidently the total line integral is 2.
This consistent with the fundamental theorem: T(b) — T(a) =2 -0 =

2.
Calculate the same integral along path (iii) (the straight line from a to b):

(i) y :%x,dyzédxﬁv -dl = y2dx+2xydy=%x2dx, SO

2
...W di = j%x dx = 411)(3 = 2. Thus the integral is independent of path.
0

1.4.4 The Fundamental Theorem for Divergences
The fundamental theorem for divergences states that

(R

This theorem has at least three special names: Gauss’s theorem, Green’s theorem, or, simply,
the divergence theorem. Like the other “fundamental theorems,” it says that the integral of a
derivative (in this case the divergence) over a region (in this case a volume) is equal to the value
of the function at the boundary (in this case the surface that bounds the volume). Notice that the
boundary term is itself an integral (specifically, a surface integral). This is reasonable: the
“boundary” of a line is just two end points, but the boundary of a volume is a (closed) surface.
Geometrical Interpretation

If A represents the flow of an incompressible fluid, then “the flux of A (the right side of
equation) is the total amount of fluid passing out through the surface, per unit time and the left
side of equation shows an equal amount of liquid will be forced out through the boundaries of
the region.

Example: Check the divergence theorem using the function

A= y2>“(+(2xy+ zz)9+(2yz)2
and the unit cube situated at the origin.
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Solution: In this case \ T(V) /(ii)
|

—_ —

V-A=2(x+y)
and L2(x+ y)dr=2-|‘1rjl(x+ y)dxdy dz, o L,
00 (iv) | (il

E(x+ y)dx:%+ yj:(%+ yjdyzl,ﬂldz =1 ) _ 1
Evidently, I(%-,_&)dr =2 X l(vi)
To evaluate thevsurface integral we must consider separately the six sides of the cube:
I e T 1 o (4T 161 1
(i) jA-da:jOJ'Oyzdydz =3 (ii) IA~da=—Ljoy2dydz =3
(iii)jﬂ- da= I:I:(2x+ zz)dxdz :g (iv) J‘,_AZ. da= —I:J:zzdxdz = —%
(v) [A-da=[ [ 2ydxdy=1 (vi) [A-da=~[ [0dxdy =0

So the total flux is:

Example: A vector field A= (5%)? is given in spherical coordinates. Evaluate both sides of

Divergence Theorem for the volume enclosed between
(r=1landr=2, and

(i) =0 to 9:% and r = 4.
Solution: Divergence theorem states that I(% . K)dr = §K- da
\% S

Since 6.,&;%&
r

rsin@deg

da atQ
rdo

x/ rsinfddeg

L.H.s=j(€._A')dr=j(5r)rzsinedrded¢:j | TSr3sin0drd0d¢=75n
v v r=1 $=0

6=0
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2
or ( ] ( r S|n0d0d¢r)
¢=0 4 6=0  ¢=0 4

2r Vg 2z

| 2 (2) sin6dodg - [ ] (1) sin0dodg = 757
#=0 4 0=0  ¢=0 4

SoL.HS.=R.H.S. = 757«

Divergence theorem proved.

(i1) L.H.S. of Divergence Theorem

4 7ld 2rx
( )dr_j [ [(@r)-r*sinodrdodg =588.91 ‘
V

r=0 =0 ¢=0
R.H.S. of Divergence Theorem

§>A da= _[A da+jA da

da: = r’sin o dgf

da, = rsinadr d¢é

1 2

_ - , - S - . 2 o=rnl4
) S{(Zrzrj'(rzsm 9d0d¢r)+ I(Zrzr)-(rsm 6'drd¢6')

S

%(4)4 sinfgdddg+0 =588.91

L.H.S. = R.H.S. = 588.91 Divergence theorem proved.
-_—
1.4.5 The Fundamental Theorem for Curls
The fundamental theorem for curls, which goes by the special name of Stokes’ theorem,
states that

[[(VxA)da=fA.di

S} P

As always, the integral of a derivative (here, the curl) over a region (here, a patch of surface) is
equal to the value of the function at the boundary (here, the perimeter of the patch). As in the
case of the divergence theorem, the boundary term is itself an integral-specifically, a closed line
integral.

Geometrical Interpretation:

The integral of the curl over some surface (or, more precisely, the flux of the curl through that
surface) represents the “total amount of swirl,” and we can determine that swirl just as well by
going around the edge and finding how much the flow is following the boundary (as shown in
figure).

~ =7
Corollary 1: 1(6 X K)- dadepends only on the boundary line, not on the particular
surface used.
Corollary 2: §(V X A)- da =0 for any closed surface, since the boundary line, like the

mouth of a balloon, shrinks down to a point, and hence the right side of
equation vanishes.
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Example: SupposeZ\=(2xz+3y2)§/+(4y22)2. Check Stokes’ theorem for the square surface

shown in figure.
Zh

(i

M 1
X
Solution: Here Vx A= (4z2 - 2x)>‘< +2z7% and da= dy dz X
(In saying that da points in the x direction, we are choosen to a counterclockwise line integral.

We could as well writeda = —dydz X, but then we have to go clockwise.) Since x = 0 for this

surface,

— - O L) B 4
I(Vx A)~da = IOIO4Z dydz_§
Now, what about the line integral? We must break this up into four segments:

(i) x=0, 2=0, A-di=3y2dy, [A-di=[3y’dy=1
ii = = _’. ‘— 2 _.. ’— 3 2 E =
(i) x=0, y=1 A-dl=4z dz,.[A dl_jo4z dz_3,

J‘K-di =J;03y2dy:—1,

4

§K-di:l+ﬂ—l+0:—.
3 3

Example: Given A=2r COS @i + r¢3 in cylindrical coordinates. For the contour shown in figure,
verify the Stokes’ Theorem.
Ya

Z,

1

>X
1
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A, =2rcosg, A =r,A =0

0 (Fz)}f + {%(Zr COS¢)}¢3+1[£(r2)a—Z(Zr cos¢)}2 =(2+2sing)?

r|or

1 xl2

LH.S.= I(VXA) _[ I2+25|n¢) (rdrd¢2):%+1

r=0 ¢=0
R.H.S.=§A-d|= [A-di+ [A-di+ [A-d
r=0,1 ¢=0,712 r=1,0
-di=(2rcos¢f+r¢3)-(drf+ rd¢¢3+d22)=2rcos¢dr+r2d¢

% e T T
2rcosgdr + Ir2d¢+ IZrcos¢dr =1+E+0=1+E
0

r=0 = r=1
t ¢=0 atr=1 atg=n/2

L.HS. =RH.S. =1+%
Example: Given a vector field A = xy% — 2xjl. Verify stokes,” theorem over the path shown in

figure.
Solution: Stokes’ theorem _[(V X A)- da = §A-d|
S

VxA=|L
OX

xﬂ)~(dx dyZ), since

0 0 0

gjy (2+x)dxdy] j:[ 2x——ﬂdy} j‘—{+2 9—y? +(

— 3 3
—JyJo—y?rosint Y Ty Yl o —9(1+£j
W9y 3 2y 6 L 2

R.H.S. = §A-d|= jA-d|+jK-di+jK-di
0,a a,b b,0

OnOa, y=0; Iﬂ~di=_[—2xdy:0
. R 0 3
On ab; jA-dI:I(xydx—Zxdy):J‘x\/g—xzdx—ZJ‘wIQ—yzdy
3 0
(Equation of quarter circlex® + y> =9; 0<x,y<3)
3
jﬂ-di:—%(g—x )3/2 [y 9-vy +95|n‘1%}0:—9(1+%j

On b0, x = 0: jl\"di=o:>§_A’-di=—9(1+%) —LHS.=RH.S =—9(1+%J
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1.5 Greens Theorem

Let f(x,y)=P(x,y)X+Q(xy)¥ is a two-dimensional vector field
and R is some region in the xy -plane where C is the boundary of that
region, oriented counterclockwise

"Greens theorem states that the line integral of f around the

yA

boundary of R is the same as the double integral of the curl of f
within R."

jRj(vX f)-da=¢_f-di
Note: Green's Theorem is Stokes’s theorem applied to two dimensions.

0Q oP
8(3 6yj da= dxdyz :>H( )

(x,y)dx+Q(x,y) dy] ”{@—%}dxdy

Anti-clockwise

C

0 ¥
oX oy
Example: Evaluate | = Ef)[(xz — yz)dx + 2xydy} where curve is boundary of

C
R{(x,y):Os X <12x?< y£2x}
Solution: P =(x*-y*), Q=2xy Ry Py

OX oy
oQ oP ¥
a—Q——}d dy_j [ [2y-(-2y)]dxay,

x=0 y=2x?

= 1= [ [2r] S | [0 - o

x=0 x=0

If f isconservative <j§ f.dil=0=>

_8x’ &’ 8 8 16

o s "3 5 15

x=0
Example: Evaluate | =qS[2ydx—3xdy] where curve is boundary

Solution: P =2y, A =>—=-3,—=2
v, Q= OX oy

:»l_—jj[ﬁQ Gp}dxdy_—”[ ~3-2)dxdy]

4

Cc
of a circle as shown in figure. %
. oQ oP %

= | =5[[dxdy =5x 7 (1)’ =57
R
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Example: Evaluate | =95[xdx—x2y2dy] where curve is boundary of a region as shown in

figure.
Solution: P=x, Q=

2)( —E}dxdy = j j —2xy* —0) dxdy

x=0 y=x

Example: | = i)[xydx +(x+y)dy ] =2 where C is the curve bounding the unit disk R.

C

0% _q 0%

Solution: P =xy,Q =x+y=
OX oy

0Q 0
| &—E}dxdy = =Lj(1—x)dxdy

Put x=rcosd,y =rsiné@

2

3 1
(1-rcos@)rdrd6 = _[H——%cos@j }d@
0

r=

2 3

Example: | = @[xzydx - xyzdy] 25

Solution: P = x*y,Q = —xy® :@ = _yz,a_P = X2
OX oy

2] sme}
———| =7
0

Z—S—%}dxdy = | :_[R (—y2 —xz)dxdy

= —Ti(rz sin® @+ r? cos? 0)rdrd6?
00
4

a
=l =——x27r=—

2
Example: Iz(j')[(x+y)dx—(x—y dy]="?
Q. oP

Solution:P=x+y,Q=—(x-y) > —~=-1—=1
y,Q=—(x-y) ™ %

}dxdy = '[ I (-1-1)dxdy = I = —Zﬂ dxdy
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Example: Consider a unit circle C in the Xy -plane, centered at the origin. The value of the
integral gS[(sin x—y)dx—(siny—x)dy | over the circle C, traversed anti-clockwise is
Q _,oP

Solution: P =sinx—v, sin X)=>—=1 =-1
y,Q=—(siny-x) o Yoy

| = LI{Z—Q }dxdy J j dxdy 27:() =2z

Example: The closed curve C forms the boundary of region R
shown in the figure. The region R is the area enclosed by the

union of a 2x3 rectangle and semi-circle of radius 1. Then °7 / 4
find the line integral [ (xdy - ydx) =2 /%
C

Solution: I(xdy— ydx)=j(—ydx+xdy)
) : : : i

(03

4

6x " oy

= [(~ydx+ xdy) H ~1))dxdy = 2”dxdy 2{2X3+ (21)2} an

C
1.6 The Theory of Vector Fields
If the curl of a vector field (F ) vanishes (everywhere) then F can be written as the gradient of

a scalar potential (V): VxF =0 F =-W
(The minus sign is purely conventional.)
Theorem 1: Curl-less (or "irrotational™) fields. The following conditions are equivalent (that is,

F satisfies one if and only if it satisfies all the others):
€)) VxF =0 everywhere.

b
(b) IF -dl is independent of path, for any given end points.

(c) :‘3? .dl =0 for any closed loop.

(d) F is the gradient of some scalar, F =—W .
The scalar potential is not unique-any constant can be added to V with impunity, since this will
not affect its gradient.

If the divergence of a vector field (E) vanishes (everywhere), then F can be expressed as the
curl of a vector potential (A):

V.-F=0&F =VxA
That’s the main conclusion of the following theorem:
Theorem 2: Divergence-less (or “solenoidal”) fields. The following conditions are equivalent:
(@ V-F =0 everywhere.
(b) IE -da is independent of surface, for any given boundary line.

(c) §E .da=0 for any closed surface.

(d) F is the curl of some vector, F = VxA.

The vector potential is not unique-the gradient of any scalar function can be added to A without
affecting the curl, since the curl of a gradient is zero.
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CHAPTER 5
FOURIER SERIES

5.1 Periodic Functions and Trigonometric Series
5.1.1 Periodic Functions

A function f(x) is called periodic if it is defined for all (except for certain isolated x such as
+xl2, +37/2 , fortan xwhose period is z) real x and if there is some positive
number p such that

f(x+p)="f(x) for all x.
The number p is called period of f(x). The graph of such function is obtained by periodic
repetition of its graph in any interval of length p.
Fundamental Period: If a periodic function f (x) has a smallest period p (>0), this is often

called the fundamental period of f (x).

NOTE: (i) Familiar periodic functions are sine and cosine functions.
(if) The function f = constant is also a periodic function.

(iii) The functions that are not periodic are x, x*, x*, *,coshx, Inx etc.
(iv) - f(x+2p)=f[(x+p)+p]=f(x+p)=f(x).
Thus, for any integer n, f(x+np)= f(x).Hence2p,3p, are also period of f (x).
(v) If f(x) and g(x) have period p, then the function h(x)=af (x)+bg(x) (a,b constants)
has also period p.
Example: (i) For sin x and cos x the fundamental period is 27 .
(i) For sin2x and cos2x the fundamental period is 7.
(iii) For tanx and cot x the fundamental period is 7.
(iv) For sin zx and coszx the fundamental period is 2.
(v) For sin2zx and cos2zx the fundamental period is 2.
(vi) A function without fundamental period is f =constant.
5.1.2 Trigonometric Series
Let’s represent various functions of period p =2z in terms of simple functions
1, cosx, sinx, c0os2x, sin2x, cosnx, sinnx,
These functions have period 27 . Figure below shows the first few of them.

ANEAN /N ANAN/
0 27:0\/{[/

VARV zﬂ

COS 2X C0S3x

AN AN BN ANA AN
N \VARVARAV

sin 2x C0S3X

Figure: Cosine and sine functions having the period 2z
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The series that will arise in this connection will be of the form

a,+a, Cos X+b, sin x+a, cos2x+h, sin2x +
where a,,a,,a,..0,,b,... are real constants. Such a series is called trigonometric series and the
a, and b, are called the coefficient of the series. Thus, we may write series

a, +_(a, cosnx+b, sinnx)

n=1

We see that each term of the series has the period 27z . Hence if the series converges, its sum will
be a function of period 27 .
NOTE:
The trigonometric series can be used for representing any practically important periodic function
f , simple or complicated, of any period p. This series will then be called the Fourier series
of f.

5.2 Fourier Series
Fourier series arise from the practical task of representing a given periodic function f(x) in

terms of cosine and sine functions. These series are trigonometric series whose coefficients are
determined from f (x) by the “Euler Formulas™.

Condition for Existence of Fourier Series
(i) f(x) is periodic and single valued.

(i) f(x) is finite at all points in the given interval (i.e. it is bounded and have upper limit).
(i) f (x) may have finite number of discontinuities (i.e. it may be piece-wise continuous).
(iv) f(

Let us assume that f(x) is periodic function of period 2z and is integrable over a period.

x) may have finite number of maxima or minima or both.

Let us further assume that f (x) can be represented by a trigonometric series, (assume that this
series converges and has f (x) as its sum)
f(x)=a,+>_(a,cosnx+b,sinnx) ..(1)
n=1

5.2.1 Euler Formulas for the Fourier Coefficients
Determination of constant a, :

From equation (1), we have

f f(x)dx= f {ao +i(an cosnx +b, sin nx)}dx

:>'[ X)dx = aOI dx+Z( I cosnxdx+bj smnxdx)

= J x)dx = 27a, L cos nxdx =0, Lsin nxdx =0

Thus, a, =—/| f(x)dx (2

2w r
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Determination of constant a, :
Multiply equation (1) by cosmx, where m is any fixed positive integer, then

f f (x)cos mxdx = j” {ao + i(an cosnx+b, sin nx)} cos mxdx
v -7 =1

s V.2 X T T
:>_|' f (x)cosmxdx = aoJ' cos mxdx + E (anj' COS NX COS mxdx+bn_|' sin nxcos mxdx)
- - - -

n=1
T
I cosmxdx = 0
-
0, m#n

. 1(n L
chosnxcosmxdx=E_|'_”cos(n+m)xdx+§j_”cos(n—m)xdx={ﬂ’ N,

j_” sin nx cos mxdx =%J‘_ﬁ sin(n+m)xdx+%j_” sin(n—m)xdx =0, always

= j_” f (x)cosnxdx =a,7z, when n=m
Thus,

..(3)

1 =
== f d
a, ”I_” (x)cos nxdx

Determination of constant b, :
Multiply equation (1) bysin mx , where m is any fixed positive integer, then

f f (x)sinmxdx = j” [ao +§:(an cosnx+b, sin nx)}sin mxdx
V4 - )
= J: f (x)sin mxdx = ao_[;sin mxdx + r:Z.:‘(an I: cos nxsin mxdx +b, _fj;sin nxsin mxdx)

f C0s NX sin mxdx =%f sin(n+m)xdx+%£r sin(m-n)xdx =0, always., f sinmxdx =0

0, m=#n
7, m=n

T, . 1 K 1 T
Lrsmnxsmmxdx:Ej_ﬂcos(n—m)xdx—EJ‘_”cos(n+m)xdx:{

:>j_” f (x)sinnxdx =b 7 when n=m;

Thus, b, :ifﬁ f (x)sin nxdx

5.2.2 Orthogonality of the Trigonometric System
The trigonometric system
1, cosx, sinx, cos2x, sin2x, cosnx, sinnx,
is orthogonal on the interval -z <x<z (hence on any interval of length 27, because of
periodicity). Thus, for any integer m and n we have

T
Icosmxcosnxdx=0 (m=n)

-

and Isin mxsin nxdx = 0 (m=n)

-

and for any integer m and n (including m=n) we have I cosmxsinnxdx =0

-
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5.2.3 Convergence and Sum of Fourier Series
If a periodic function f (x) with period 27 is piecewise continuous in the interval —z <x<rx

and has left hand and right hand derivative at each point of that interval, then the Fourier series
of f(x) with coefficient a,,a,,b, is convergent.

Its sum is f (x), except at a point x, at which f (x) is discontinuous and the sum of the series
is the average of the left and right-hand limit of f (x) at x,.

NOTE: (i) The left-hand limit of f(x) at x, is f(x,—0)= lim f (% —h).

The right-hand limit of f (x) at x, is f (x,+0) = lim f (X, +h).

(ii) Function f (x) is continuous at X, , if

f(%—0)=f(x+0)=f(x)
(ii) The left-hand derivative of f (x) at x, is lim f6h)=1(%)

f(xo"'h)_f(xo).
h

Function f (x) is differentiable at x,, if L.H.D.=R.H.D.
Some Basic Mathematics Result to be use in Fourier Series
0] ju dx uv, —u'v, +u"v, —u"v, +..

The right-hand derivative of f (x) at X, is lim

, du , d?
where U'=—,U"=—-,..
dx dx

) nx in nx nx in nx
Example: Ixe’smnxdx=x3(—COS )—SXZ(—S . )+6X[c053 ]—6(3 y j
n n n n

(i) cosnz=(-1)", n=0,4,2.., sinnz=0, n=0,12...
0, n=135,... 0, n=0,2,4...
T " V3
cosn—=4 1, n=0,48.. , smnE: 1, n=15,9...
-1, n=2,6,10... -1, n=3,7,11...
Example: Find the Fourier coefficient of the periodic function f(x) as shown in figure:

. and v, :Ivdx, v, :J'vldx,

and f(x+27)=f(x)

-k if —-m<x<0
k if O<x<rx

Hence show that: 1—%+%—1+ AL

7 4

Solution: Let f (x)=a,+ i(an cosnx+b, sinnx)

n=1

== [ (k) [ (k) | = o= [l -+ o |-

This can also be seen without integration, since the area under the curve of f(x) between
-z 10 7 is zero.
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1 or
ca,=—["f d
8, =— J:ﬁ (x)cos nxdx

- i“l(—k)cos nxdx+_[0”(k)cos nxdx} :%k{_{sinnnx}: +{sinﬂnx}j =0

T

1 .
wbh=—| f d
\ 7,.[_” (x)sin nxdx

—h :l[j_"”(—k)sin -+ [ (K)sin nxdx}

n
T

e

"z |l n n J,| = n n| =z«

ak

If niseven b, =0 andif n isodd b, =
nz

Thus, Fourier series is f ( )=4—k{sin x+%sin 3x+%sin 5x+..}
T

The partial sums are S, = ﬂsin X, sin x+%sin 3xj, etc

k | I

o 7 2r
-

Figure (a): The given function f (x) (Period square wave)

—X

ﬁsin3x
3z

S, S

¥ ¥

~-

-k

4—ksin 5x
5z

Figure (b): The first three partial sums of the corresponding Fourier series

e —
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NOTE: The above graph seems to indicate that the series is convergent and has the sum f (x)

the given function. Notice that at x=0 and x =, the points of discontinuity of f(x), all
partial sums have the value zero, the arithmetic mean of the values —k and +k of our function.

Assuming that f (x) is the sum of the series and setting x :%, we have

T 4k 7z 1. 37 1. 5x
fl=|=k=—|sin=+=sin—+=sin—+..
2 T 2 3 2 5 2

:>1:£[1+1(—1)+l(1)+£(—1)+ } 4 {1—1 1—£+} =

1 3 5 7 L, 3 5 7

Example: The square wave in previous example has a jump at x=0. Its left-hand limit there is
—k and its right-hand limit there is +k . Hence average of these limits is 0. Thus, Fourier series
converge to this value at x =0, because then all its terms are 0. Similarly, for the other jump we
can verify this.

Example: Find the Fourier coefficient of the periodic function f (x) :

f(x)=x, —z<x<zm having period 27
Solution: " a, =2i.|'” f(x)dx = a, :Zij'” xdx =0
/e /e

1 n 1 sin nx COS NX
x)cosnxdx = a, =—j xcosnxdx = —| x -1 -
T T n

x)sin nxdx = b, :_.[ <Sin nxdlx = 1{X(_cosnx]_l(_sm nx
w n

2 n
b =—[- 1
= ﬂn[ 7 COSNz — 7 COSN7T | = n( )

Thus f(x)= —2[— S\l BX _sin3x +} = Z[Sin x—%sin 2x+%sin 3x—..}

1 2 3
Example: Find the Fourier coefficient of the periodic function f (x) :
f(x)=x* -m<x<rm having period 27

Solution: ao——J. dX :>a0_—j xzdx_z1 {Xg}” :6i[7ﬁ+7;3]:%2
Vs _, b7

cos nxadx

_I” ARNHN =1[X2(5'” nX]—Zx(— cosnxj+2(_sun?xﬂ
T T n y
2
- 2

-t

2 (_1)n

n

sm nxadx

TR
Ty P n n o -

2

Thus f(x) :%—4(cosx—%cos 2x+écos3x—....)
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Example: Find the Fourier series of the periodic function f(x) as shown in figure:

f(x)

0
2 2
Solution: The given function is periodic in 27 .
—rl2 zl2
ao——j' X Jdx :ao——[j (O)dx+'[_”/2(1)dx

-

== d
a, ,T.L (x)cos nxdx

. l2
_”/Z(O)cos nxdx + J’m (1)cos nxdx} = i[sm nx} = isin nZ
- 712 T n 22 N7

" £ (x)sinnxdx = b, :EU

o T
1 cosnx ° cosnx|”
:}bn:—k —
7T n J_ n J,
0, n=2,4,6...

-.-sinn%= 1 n=1509...
~1 n=3711..

v

: 72 : 1] cosnx T
(0)sin nxdx+I_”/2(1)5|n nxdx} :;[— -

k[l S) ﬂﬁ}g{z_ 21y

n n n 7T |n n

/
1
T

Thus, Fourier series is f (x) = 1 +£{cos X —%cos 3x +%cos 5x —Ecos X+ }
T

Example: Find the Fourier coefficient of the periodic function f (x) :

1, —7<x<0 . .
f = having period 2
(X) {0 ,  O<x<rm A'Aadl y

Solution: ao——J. dX :>a0——UO

7Z' -

cosnxdx

- 0
: U_O” (1)cosnxdx + J':(O)cos nxdx} = i[sm nx} sl

T n

T n

0
x)sinna = b, = U_O (1)sin nxdx+ ["(0)sin nxdx} =1[_ cos ”X}

—~2 n-13.and 0.n=24..

nz

1 2| . 1. 1.
———|SINX+—=SIN3X+—=SIN5X +...
2 3 5
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Example: Find the Fourier coefficient of the periodic function f (x) :
f(x)=x, O0<x<2r having period 27

2
Solution: '.'aO:i ’ 1‘(X)dX:>a0=iJ‘2 de=i x =ix4i=7;
2 J0 2770 2| 2|, 27 2

H 2z
4 0

- 2z
x)sin nxdx = b, :—I xsin nxdx _l{x(_cosnxj_l(_smznxﬂ
T n n o

i[—27r cos2nz +0]= -

w f(x)=a,+) (a,cosnx+b,sinnx), f(x)= n—Z{sin x+%sin 2x+%sin 3x+%sin 4x..}
n=1
Example: Find the Fourier coefficient of the periodic function f(x) :

f(x)=x* O<x<2rx having period 27

. 1 (2 1 (2 1] 1
Solution: '.°a0:—-|‘0 f(x)dx:>ao=g-|‘0 XZdX:E{?l =ax87z3=—

cosnxdx

- . 2
2 1] ,(sinnx COS NX sinnx ]
x> cosnxdx =—| x = 2X| ———— |+ 2| ———;
0 7 n n n® )],

=n2i[2ﬂ0052n7r+0]=%><27r=%

x)sin nxdx

1 pon 1| ,( cosnx sin nx cosnx | " A
=b == x’sinnxdx ==| x*| - = 2l — S i 3 =——
Y0 T n n n 0 n

f(x) =ﬂ7r2 +4(cosx+2—120032x+3izcos3x—....j—47r(sin x+%sin 2x+%sin 3x+....)

Sum and Scalar Multiple

(@ The Fourier coefficients of a sum f + f, are the sums of the corresponding Fourier
coefficients of f, and f,.

(b) The Fourier coefficients of cf are c times the corresponding Fourier coefficients of f .

Example: Find the Fourier series of the periodic function f (x) as shown in figure:
f(x)
2K
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Solution: We have already calculated the Fourier series of the periodic function f(x) as shown
in figure.

The Fourier series is f (x) =ﬂ{sin x+%sin 3x+%sin 5x+..} .
T

The function given in the problem can be obtained by adding k
to the above function. Thus, the Fourier series of a sum k + f (x)

are the sums of the corresponding Fourier series of k and
f(x).

The Fourier seriesis f (x)=k +4—k[sin x+%sin 3x+%sin 5x+..1 .

T
Example: Find the Fourier series of the periodic function
f(X)=x+z; (—-z<x<x) having period 27
Solution: Let f (x)=f,+ f,, where f,=x and f,=7.
The Fourier coefficientof f,=7 isa,=7, a,=0and b, =0.

-1)"
The Fourier coefficientof f,=x is a,=0, a, =0 and b, =—2( n) . n=123...

Thus, the Fourier series of f (x) is f(x):n+2{sinx—%sin 2x+%sin3x—%sin 4x..1.

Example: Find the Fourier series of the periodic function
f(x)=x+x*; (-zm<x<x) having period 27

Solution: Let f (x)=f, + f,, where f, =x and f, =x".

i 1. 1. z° 1 1
Thus f,(x)=2 smx—zsm2x+§sm3x—... : fz(x)=?—4 cosx—zc032x+50053x—....

Thus, the Fourier series of f (x) is
2

f(x):”——4 cosx—lc032x+lc053x—.... +2 sinx—isin2x+lsin3x—... .
3 4 9 2 3

Example: Find the Fourier series of the periodic function
f(x)=x+x*; (0<x<2r) having period 27

Solution: Let f (x)=f, + f,, where f,=x and f, =x".

Thus f,(x)= ;z—Z[sin x+%sin 2x+%sin 3x+%sin 4x..1 ,

f (x):£7rZ+4 cosx+ic032x+i0033x—.... —4r sinx+£sin2x+lsin3x+....
= 3 2? 3? 2 3

Thus, the Fourier series of f(x) is f(x)= f,(x)+ f,(x)
e ———
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5.3 Function of Any Period p=2L
The functions considered so far had period 2z, for simplicity. The transition from p=27 to
p =2L is quite simple. It amounts to a stretch (or contraction) of scale on the axis.

Fourier series of a function f (x) of period p =2L is given by

f(x)=a0+i(ancosn%x+bnsinn%xj (1)

n=1
where Fourier coefficients of f (x) are

Letv_”—LX :>x—H and dv—% Also x=+L correspondsto v=+r.

T
Thus f(x)=g(v) has period 27 .

Hence, we can verify that g(v)=a, + i(an cosnv+b, sinnv)
n=1

where a, ——j v)dv, a, :—I )cosnvdv and b, :—I v)sin nvdv

Example: Find the Fourier series of the function f(x) as shown in flgure:

f(x)

k

7 1 o
0 if -2<x<-1
f(x)=9k if -l<x<1 p=2L=4,1L=2
0 if D &

Solution: Let f(x)=a, +Z(an cosnT”x+bn sinnTﬁxj

n=1

1
) a0=Z R (x)dx
dx:ijl kdx=g
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%dx
2

2k

nz

n—dx

1
sin@dx——j1 ks.ln%dx—K —icosm =0
-1 2 2 nx 2 1,

. . k 2k #_ 1 3z 1 b7
Thus Fourier series is f (X) =—+—| C0S—=X—=C0S— X +=C0S— X —+....
2 3 2 5 2
Example: A sinusoidal voltage E,sin ot where t is time is passed through half-wave rectifier

that clips the negative portion of the wave. Find the Fourier series of the resulting periodic
function
f(t)

N\ /N

-7l 7lo

if -Z<t<0

I p=2L=2%, =%

E,ssinot if  O<t<Z @ @
w

Solution: Let f (x)=a,+ Z(an cosnTﬁx+ b, sinnTﬂx]

n=1

o E, sinotdt = {
27

27

E,0

rlo | E 0]
= sin 2otdt = =2
% 2 IO 2r [

T
For n=2,3,4....,

rlo
—cos th} o
20 |,
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e -]

=a, = or

—cos(1+ n);z+1+ —cos(1-n)z+1 B

|n—dx

. 7l . R E wlo . .
t)sin na)tdt:QI E, sin wtsin notdt = o® 2sin wt sin notdt
0 27 J0

=D, = an) )t +cos(1-n) ot |dt
2r

27[(07

Forn=1, b = Ez"a) :/w[l—COSZaJt]dt -
T

21 90 20

® n/w{t_sin 2(01”/(0 E,or  E,
0
For n=2,3,4....,
. R rlo R )
b = E,0 _S|n(1+n)a)t+sm(1—n)a)t =Y —sm(1+n)7z+sm(1—n)rr o
2 (1+n)w (I-nw 27 (1+n) (1-n)
Thus, Fourier series

f(t)=a,+bsinot+ z a cosnawt = a, +b, sinwt + i %cosnwt
—24. 7T 1-n

n=2,4... n

Cos 2a)t Cos 4a)t
3

E. . 2E
0+ 8sinwt — 0{
2 T

VA
B +53ina) —ﬁ{icos&ouicowwu..]
T 2 7 |1.3 3.5

5.4 Even and Odd functions and Half-Range Expansion
5.4.1 Even and Odd function
A function g(x) is said to be even if g(—x)=g(x), so that its graph is symmetrical with

respect to vertical axis.
A function h(x) is said to be even if h(-x)=—-h(x)
Y

carn Phys ht Wa
A

Vi

(a) Even function (b) Odd function
Since the definite integral of a function gives the area under the curve of the function between
the limits of integration, we have

_[_LLg(x)dx:ZJ'OLg(x)dx for even g(x)
[" h(x)dx=0 for odd h(x)
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Fourier Cosine Series and Fourier Sine Series
Fourier series of an even function of period 2L, is a “Fourier cosine series”

f(x):a0+iancosnTﬁx (1)
n=1

with coefficients (note integration from Oto L)

, =—J S—dx @

Fourier series of an odd function of period 2L, is a “Fourier sine series”

= . Nhr
=>» b sin—x ....(3
Z;, Sl 3)

with coefficients _£ J

NOTE:
(i) For even function f (x);

aozi :—I x) dx, a:—j

and b, =—j SanI_XdX 0.

(i) For odd function f (x);

ao_i f(x)dx=0, a=—j

and :—j 'nmd _ J'

The Case of Period 27
If L=x and f (x) is even function, then

=8, + Y a, CosNx
n=1

with coefficients

4% %IO” f (x)cos nxdx

If f(x) isodd function then

= b, sinnx
n=1

with coefficients

b, = %I: f (x)sin nxdx
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5.4.2 Half-Range Expansion
Half-range expansions are Fourier series. The idea is simple and useful. We could extend f (x)

as a function of period L and develop the extended function into a Fourier series. But this series
would in general contain both cosine and sine terms.

We can do better and get simpler series. For our given function f (x) we can calculate Fourier
cosine series coefficient (a, and a,). This is the even periodic extension f (x) of f(x) in
figure (b).

For our given function f (x) we can calculate Fourier sine series coefficient (b, ). This is the
odd periodic extension f,(x) of f(x) infigure (c).

Both extensions have period 2L. Note that f(x) is given only on half the range, half the

interval of periodicity of length 2L .
f(x

L X
(a) The given function

fi (x)

X

-L L
(b) f(x)extended asaneven periodic function of period 2L

f (x)

(\ e Ao i
~NOTY G N

(c) f(x)extended asanodd periodic function of period 2L

Example: Find the two half-range expansion of the function f(x) as shown in figure below.

if 0<x<L f(X)‘
2 k

if L<x<L
2

Solution:
Even periodic extension
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(L x)cosnil_xdx}

Let us calculate the mtegral

% nzx L Nz X L2 L
Ixcos—dx— Xsin—— +
0 L nz L ],
L 2
:szcosmdx= L sinn—”+—
0 L 2nz 2

L nzX L . ; LY
and j (L-x)cos——dx=—1|(L—x)sin—| -
L/2 L L . L

nrz nz L/2

L Nz X B Nz L2 nz
:j (L—x)cos dx =— sin————| cosnz —cos—
L2 L 2Nz 2 nr 2

4k

n’z?

L
=a, _1 %jz xcosmdx+2—k L (L—x)cos VX x| =
L| L L L5 L

16Kk 16k 16k i
:>a2=—22—7[2,a6=—ﬁ,a10———ﬂ and a.n=0 if n=2,6,10
Hence the first half-range expansion of f (x) is
k 16k 1 2zx 1 _6zx 1 107X
f(X)=——"—5| = C€0S——+-—C0S—— +—>C0S
2 2 L 6 L 10 L
This Fourier cosine series represents the even periodic extension of the given function f (x), of

period 2L as shown in figure.
Odd periodic extension

(2 cos%ﬂ—cos nyz—lj

(%)

k

L
=—J sm—dx:b —%Jlozf( )smmdx

=b, _2 —szin%dx 2 (L x)sm%dx
L| Lo L L 3 L
Let us calculate the integral

J; . nhxx L nzx L2 L 2 . hxx
. xsdex=— —xcosT +| — | | sin—=

Nz 0 nz L 0
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Nz X L2 nz 2 . nx

L
:szcos—dx_— COS— +——Sin—
0 L 2N 2 nr 2

2 L
andj L—x sm—dx—L{ (L- x)cos@} —(Lj {sin@}
L nz L 1, \\nz L 1.,

2 2
:>j (L- x)sm—dx:Lcosn—”+ L sinn—”
L2 L 2N 2  n?r? 2

:>bn:£ &Fxsin@dx 2k (L x)sin X 4x | = 8k
L| Lo L L L

2_2
nz

Hence the other half-range expansion of f (x) is
f(x)=[1g in 37X | L 5jn 57X
L 5 L
This Fourier sine series represents the odd periodic extension of the given function f(x), of

period 2L as shown in figure.

S —
5.5 Complex Fourier Series

The Fourier series f (x)=a, + i(an cosnx+b, sinnx)
n=1

can be written in complex form, which sometimes simplifies calculations.

- ™ =cosnx+isinnx and e™ = cosnx —isin nx

—inx

= COSNX = ;(e'"X + e"“x) and sinnx = %(e"‘X —e“”x)

Inx

Thus a, cosnx+b, sin nx:ia (e™+e ™)+ i_bn (e™-e™)
2 2i
= a,cosnx+h sinnx= %(an —ib, )e™ +%(an +ib, )e™
Lets take a, =c,, %(an —ib,)=c, and %(an +ib, )=k, , then (1) becomes

f(x)=co+i(cne‘”x+kne"“) ..(2)

n=1

where coefficients c,, ¢, and k_ are given by c, =2i_|'” f (x)dx
7Z' -

—ib,) :—I )(cosnx—isinnx) :i . f (x)e ™dx
2 r
1 1 & |nx
k, ==(a, +ib,) :—I )(cosnx+isinnx)dx=—| f( dx
2 27 -”

We can also write (2) as (take k.=c,)

Z c.e™ where c, :—I x)e"™dx; n=0,11+2.....

n=—o0

This is so called complex form of the Fourier series or, complex Fourier series of f (x)
Here c, are called complex Fourier series coefficients of f (x).
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For a function of period 2L

I'VIX

1 (L i
L . _
f E C, e where c, 2LJ.-L n=0,+14+2.......

N=—o0

Example: Find the complex Fourier series of the periodic function
f(x)=e*; (-7 <x<r),having period 27 .

Solution: Let Fourier series is f z C, g™

R M T R T e

1 e _ it 1+, o B8
=c, = 27r(1 ) —[e"e™ —eTe ]_ (H)[e ~e” |(-1)

1+in\sinhx n : g” —e”
—C = -1 ‘»sinh 7 =
! (1+n2j Vs ( ) 2

Thus, Fourier series is f (x)=

()

sinhz & n( 1+in Y o
e
1+n®

Let us derive the real Fourier series

~+(1+in)e™ =(1+in)(cosnx+isinnx) = (cosnx—nsinnx)+i(cosnx+sin nx)

“» n varies from —o t0 + 00, equation (1) has corresponding term with —n instead of n.
Thus, -+ (1-in)e™ =(1-in)(cosnx—isin nx) = (cosnx —nsin nx)—i(cos nx +sin nx)

Let’s add these two expressions; (1+in)e™ +(1-in)e™ =2(cosnx—nsinnx), n=12,3
Forn=0, (-1)" G:}g )e‘”* =1

sinh;z sm T cosnx nsin nx
Thus, f(x)= - Z e )

¢ (x) 2sinh

{2 1 11 (cosx—sinx)+1+122 (c032x—23in2x)—+,_}

T
Example: Consider the periodic function f(t) with time period T as shown in the figure

below.
f(t)
i et

‘li él's'

The spikes, located at t=%(2n—1), where n=0,+1,+2,..., are Dirac-delta function of

strength£1l.  Find the  amplitudes a, in the  Fourier  expansion  of

0
2zint/T
=Y ae”mr,
n=—o
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nzx . NzX

Solution: f ( Z c, e L, where C, =2iIL f(x)e TUdx; n=0,41,42.......

and Range: [-1 ,1] hence 2L =2.

Comparing with f (t Z ae”™" L= % =1=>T=2.

S izn _ 1 L —izn
= f(t)=> ae™ =a =—-| f(t)e"d

21 -

1 f(t)e—iﬂmdtzlj.l |:5(t+1J_§(t_lj:|emntdt
1 2 -1 2 2

|:e7i;m(—l/2) . efi;m(uzq _ %I:ei;rnIZ _ e—izz'n/Z:I =isin n7ﬂ-

e —
5.6 Approximation by Trigonometric Polynomials
Fourier series have major applications in approximation theory, that is, the approximation of
functions by simpler functions.
Let f (x) be a periodic function, of period 2z for simplicity that can be represented by a Fourier

series. Then the N™ partial sum of the series is an approximation to f (x)

N
f(x)~a,+ Y (a,cosnx-+b, sinnx) ..(1)
n=1
We have to see whether (1) is the “best” approximation to f by a trigonometric polynomial of

degree N , that is , by a function of the form
N
F(x)=A +_(A cosnx+B, sinnx) ...(2)
n=1

where “best” means that the “error” of approximation is minimum.
The total square error of F relative to f on the interval —z < x <z is given by

E:I(f—F)zdx clearly E>0.

The function F is a good approximation to f but | f- F| is large at a point of discontinuity X, .

5.6.1 Minimum square error
The total square error of F relative to f on the interval —z < x <z is minimum if and only if

the coefficients of F(x) are the Fourier coefficients of f (x). This minimum value E” is given

by E" = j fzdx—z{Zag +i(a§+b§)} ...(3)
— n=1

From (3) we can see that E* cannot increase as N increases, but may decrease. Hence with
increasing N the partial sums of the Fourier series of f yields better and better approximations

tof.
5.6.2 Parseval’s Identity: Since E” >0 and equation (3) holds for every N, we obtain

2a’ +§N:(a§+b§)slf f 2dx
n=1 T,

N Ve
Now Parseval’s Identity is 2aZ + Z(aﬁ + bnz) _1 J f 2dx
n=1 w _
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Example: Compute the total square error of F with N =3 relative to
f(x)=x+7x (-7 <x<)
ontheinterval -z <x<rx.

Solution: Fourier coefficients are a, =z, a, =0 and b, = —%cos nr.
Its Fourier series is given by

F(x)=7+2sinx—sin 2x+§sin3x :
Hence,

T e )
E*::[ fzdx—n[Zaj +nzz(an2+b§)}: I(X+7r)2dx—7{27r2+22+12+(§J }

/4

E” =§7r3—7{27r2 +£} ~3.567
3 9

Although ‘f (x)—F(x)‘ is large at x =+, where f is discontinuous, F approximates f quite

well on the whole interval.
EE———
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