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7. CENTRAL FORCE AND KEPLER’S SYSTEM
7.1 The Motion in Two Dimension in Polar Coordinate System
The drawing shows the unit vectors i, j and f,0 at a point in the x-y y

plane. We see that the orthogonality of ¢ and 6 plus the fact that
they are unit vectors,

7|=1|6|-

f=icosd+ jsin® and & =—isin@+ jcos® which is shown.
The transformation can be shown by rotational Matrix

F] [ cosg sing]i
6| |-sine cosd| j

A A

=—isin@d+ jcosHo :%=9§

99 _ ;cosoh— jsingo = 99 _ o
d dt

7.1.1 The Position Vector in Polar Coordinate
F=xi+yj,F =|r|[cos€f+sin6’ ]]

F =|r|cosOT +|r|sin@ ]
F =|rl[cosoi +sin@j] = r =|r|7
r=rr is sometimes confusing, because the equation as written seems to make no reference to

the angle 6. We know that two parameters needed to specify a position in two dimensional
space (in Cartesian coordinates they are x and y), but the equation r =rf seems to contain

only the quantity r. The answer is that t is not a fixed vector and we need to know the value of
6 to tell how T is origin. Although & does not occur explicitly in rr, its value must be known

to fix the direction of ¥. This would be apparent if we wrote r=r¢(@) to emphasize the
dependence of F on &. However, by common conversation ¥ is understood to stand for 7(@).
7.1.2 Velocity Vector in Polar Coordinate

casel
Vzi(rf) S (10 B S S S
dt dt dt dt dt

where ¥ is radial velocity in f direction and ré is tangential velocity in 6 direction as shown in
figure and the magnitude to velocity vector |v|=+/¢*+r°9°

7.1.3 Acceleration Vector in Polar Coordinate

U PPN YL
dt dt o dt o dt

dt dt
((jj_t = [T + 100 + 100 + rd0 + r6(-0)F

H.No. 40-D, G.F,, Jia Sara1 Near IIT, Hauz Khas New De1h1 16



fiziks
E CENTRAL FORCE AND KEPLER’S SYSTEM

a=(F- réz)f+(ré+2r9)é —d=af+a,0
a, = —r6” is radial acceleration and a, = ré + 214 is tangential acceleration .
So, Newton’s law in polar coordinate can be written as
f. = ma, =m(F —ré?), where f, is force in radial direction.
f, = ma, =m(ré +2ré) , where f, is force in tangential direction.
7.1.4 Circular Motion
For circular motion r=r,, then ¥=0. So, f, = ma, =—mr,#*, where f, is force in radial

direction and f, =ma, = mroé, where f, is force in tangential direction.
If there is not any force in tangential direction i.e., f, =0 is condition, then motion is uniform

circular motion i.e., 8= is constant known as angular speed and tangential speed is given by

2
For non-uniform circular motion radial acceleration is a, =—— and tangential acceleration is
r

given by _av
% dt

= a=,a’+a’

7.2 Central Force

In classical mechanics, the central-force problem is to determine the motion of a particle under
the influence of a single central force. A central force is a force that points from the particle
directly towards (or directly away from) a fixed point in space, the center, and whose magnitude
only depends on the distance of the object to the center.

In central force potential V is only function of r and only central force is always a conservative
force; the magnitude F of a central force can always be expressed as the derivative of a time-
independent potential energy

rsin@\ o¢ r\oé

And the force F is defined as F = —Z—VF (force is only in radial direction)
r

7.2.1 Angular Momentum and Areal Velocity
The equation of motion in polar coordinate is given by m(i —r6%) = F. and m(ré +2rf) =F,
but for central force,
. o= O GAVANR
T=rxF SR
or
External torque 7 =0, so angular momentum is conserved

. . d(mr?9)
m(ré +2r@)=F, but for central force F,=0, so m(r0+2n9):0:>T:0 means

angular momentum of mr’d=J =[Fx | = 0=——
mr

r-J=r-(Fxp)=0=T LJ, hence position vector

—

r is perpendicular to angular momentum

vector J and hence Jis conserved, its magnitude and direction both are fixed so direction of
r is also fixed.

H.No. 40-D, G.F,, Jia Sarai, Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498, Website: www.physicsbyfiziks.com, Email: fiziks.physics@gmail.com




fiziks
E CENTRAL FORCE AND KEPLER’S SYSTEM

So, motion due to central force is confined into a plane and angular momentum J is
perpendicular to that plane.

Central force problem. Prove that Areal velocity is constant. rdo

For the central force problem A = % r-rd@
Now, Areal velocity = aa _1 r’— 9 _1 =r%0
dt 2 dt 2

dA 14 .Itisgiventhat9=i 098 _ 3
da 2 mr? dt  2m

which means equal area will swept in equal time.

7.2.2 Total Energy of the System

Total energy is not explicitly function of time t, so %:0. So, one can conclude that total

energy in central potential is constant.

E= %mv2 +V(r) and Velocity v = if +rgd

So, total energy, E = %m(r’2 +1262)+V(r)

1 ., 1 252 ] J ! 2 J2
=—mr°+-mrg°+V(r), where f=—-y;=—mr"+ 2+V(r), r>0
5 2 mr: 2 2mr

2
=E-= %mr‘2 +V,, , where 2;]nr2 +V(r) is identified as effective potential V...

7.2.3 Condition for Circular Orbit

From equation of motion in radial part m( —ré?) = f (r)
2
For circular orbit of radius ry, r=r; and F=0= f (r)= m(O—réZ) —‘]— atr=r,
mr®

aVef“fective

3 =0 and 6=, is identified as angular frequency of
r

r=ry

which can be also derived by

circular orbit.
2

. . - . . T . a Vef'fecnve
Radius r =r, of circular orbit is also identified as stable equilibrium point soa— >0. If
r

r=ry
somehow particle of mass m changes its orbit without changing its angular momentum and new
orbit is bounded then new orbit is identified as elliptical orbit. The angular frequency in new
elliptical orbit is

2
0 Veffective
or?

m
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7.2.4 Equation of Motion and Differential Equation of Orbit
So, Lagrangian can be reduced to

1 52 2,92
L=—pulr +r0°)-VI(r
2'“( ) ( )
Since, —2; =0. So, @ is cyclic co-ordinate. Hence, angular momentum is conserved during the

motion.

2

d(aL) 0=>mr?d=J or = J
dt mr

Equation of Motion

The Lagrangian equation of motion is given by di(aa_l_j gl' 0
r r

= mF —mré? + 2= 0 or mi =mrg? = - 2%
or or
mi'—mré” = f (r)
From equation of motion in radial part,
2 2
m(r-ré?) =t =>mir -3t
dt> mr?

where, J =mr?0 = d@ = ‘]Zdt :i: ‘]zi
mr dt mr® dé

=6l (o ol o
dt?  (dt \ dt mr? )d@\mr? )do
Substituting in (1)
J21 d(1dr J? Jld 1/r J2
Al e s T s T f( 2 3
mr-dé\r°d@d) mr m d6?
J2 1 d*(@r) 2 J? (d*(@/r) Al
(m r’ do*>  mr’ d6'2 i 1174
J2u?(d%
d6?

Let, 1. u =- + uj = f(lj (differential equation of an orbit)
r u

2
Example: Consider the motion of a particle of mass m in the potential field V (r) =%. If I is

angular momentum then
(@) What is effective potential (V,, ) of the system? Plot V, vs r

(b) Find value of energy such that motion is circular in nature.
(c) If particle is slightly disturbed from circular orbit such that its angular momentum
remains constant. What will be the nature of new orbit? Find the angular frequency of
new orbit in term of m,1,k.
J 2

1 .
Solution: (a) V. = omr? +§kr

JZ

1/4
s+tkr=0atr=ry,so roz(ﬁj and J = mayr?

H.No. 40-D, G.F,, Jia Sarai, Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498, Website: www.physicsbyfiziks.com, Email: fiziks.physics@gmail.com




fiziks
E CENTRAL FORCE AND KEPLER’S SYSTEM

Veff

Veff J 2

for circular motion magr, = kr,, where t, is radius of circle @, =

2 mkr,’
total energy E = ) - Ly :—"2+1kr02 = E =kr/,
2mre 2 2mr,

J 2 1/4 k
on putting r, :(W] gives E = J\/:
m

(c) orbit is elliptical in nature

dZV 2 2
L B P T

dr? " mrt (JZJ
mi
mk
ﬁ >w=2 h:>2a)0
m \'m

Example: A particle of mass m moves under the influence of an attractive central force f (r).
(a) What is condition that orbit is circular in nature if J is the angular momentum of particle

(b) If force is in form of f(r) =_—L(determine the maximum value of n for which the circular
r

orbit can be stable.

J 2 aVeff 82Veff

Solution: (a) If V4 = > +V(r), for circular stable orbit =0, >0
2mr or

—k g - aVeff
(b) f(r)= o for circular motion

-k
=

n

It is given 2—V=—f(r), if £(r)=
r

2 2
3J E.J—3>0,so n<3
r mr
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Example: A particle of mass m and angular momentum | is moving under the action of a central
force f (r) along a circular path of radius a as shown in the figure. The force centre O lies on

the orbit.
(a) Given the orbit equation in a central field motion.

d?u m 1
;U =——— f , whereu==.
do 1“u r
Determine the form of force in terms ofl,m,a and r .
(b) Calculate the total energy of the particle assuming that the potential energy V(r) —»0

asr — oo.

Solution: (a) from the figure, r = 2acosé = 1_ secd

r 2a
J2u?| d%u (1]
- +u|=f|=
m | do? u
2 2
—M{i(secatan29+sec39)+ﬁ} f( j
2a 2a u

43?

2 2
—‘]S—eftg{i(secé'tan2 0 +sec’ 6+sec 6’)} = f (lj
4a 2a u

, 3 2 5
_M[tanzéwseczaﬂ}: f(ij o % Zom f(ij = f(r)“_ls
u r

8a’m u 8a’m
.2 2 ..
-1 . s s +V(r),as r—o,V(I)—>0 = ‘] >—0
2 2mr 2mr
mi-? 2

E:T and r =2acosé and f =—-2asin#d, 6= J - as o
mr

2

hence, 6 =
mr

>—0,5s0 r—-0,s0 E=0

7.3 Two Body Problem
Reduction of two body central force problem to the equivalent one body problem: A system of

two particles of mass m;, and m, whose instantaneous position vectors of inertial frame with
origin O are r, and r, respectively.

Position vector m; relative tomy is r=r, —r,

The potential energy V is only function of distance between the
particles.

So, V =V (i, i)

Total energy of the system is given in lab frame by

E = gmi s 2mi v (7, ]
Let the position vectors of m, and m, be r, and r,. The position vector of the center of mass,

measured from the same origin, is
ﬁ — mr +m,r,
m, +m,
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The center of mass lies on the line joining m, and m,. To show this,

suppose first that the tip of R does not lie on the line, and consider
the vectors ©’, T, from the tip of R to m, and m,. From the sketch

1

we see that

2 m1+m2 [m1+m2
I’ and r, are proportional to ¥, —T,, the vector from m, to m,. Hence  and t, lie along the
line joining m, and m, as shown. Furthermore,
m, . . m . m
e |r—f|=——F and [ =— % |r -1 |=—

m, +m, m, +m, m, +m, m, +m,

E= % m, ‘Flr +%m2 ‘FZ‘Z +V (|r,~ |). The total energy is transformed

1 <|? 2
E=§(ml+m2)R (m+m j‘r‘ -V (
Centre of mass moving with constant momentum and equation of motion for three generalized
co-ordinates or will not terms in R and R . While discussing the motion of the system, one can

ignore %(m1+m2)|532.

. . 1 mm, -2
So, energy in centre of mass reference frame is reduced to E = E#M +V (r)
m, +m,

where, u= ™M s reduced to one body system in centre of mass reference frame.
m, +m,
7.3.1 Kepler’s Problem

Kepler discuss the orbital motion of the sun and Earth system under the potential V (r) =—5
r

where, k =Gm,m,. Here m;and m, is mass of Sun and Earth respectively. Although Kepler

discuss Sun and Earth system but method can be used for any system which is interacting with

potential V (r) = -
r

The reduced mass for Sun and Earth system is x = MM,
m, +m,

Let us assume mass of Earth m, =m

7.3.2 Kepler’s First Law
Every planet (earth) moves in an elliptical orbit around the sun, the sun is being at one of the

foci. Where sun and earth interact each other with potential V (r) :—K, we solve equation of
r

motion in center of mass reference frame with reduced mass g =m, =m
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7.3.3 Equation of Motion
Lagrangian can be reduced to

1 .
L==p(F2+r2%%) -V (r), put u=
Zy(r +r ) (r),put g=m

a =0, so @ is cyclic co-ordinate. Hence angular momentum is conserved during the motion.

i(a—l'.j=0:>mr29':\l or 9':L2
dt\ 00 mr

J

2

mi — mr 62 =—L2, put 0 =
r mr

mi’ — "’ - 18
mr? r
2,2 2
Equation of orbit is given by &y {dgl: +u}:-f(£j
u
u2 2

m |d
2 2 2

:f[ij:—kuzzfl d l:+u :+ku2:OI l:+u:kuzr?
0 de Ju

u m

d2u+(u_k_m)_0 putu—k—m— soﬂ—d—2y
do’ ) 32 -7 4gr " ae?
d’y

The equation reduces to, —

+y=0

The solution of equation reduces to y = Acosé u —ﬁ—T = Acoséd =u =I\<]_n21+ Acosé

2 2
%=§—T+Acose :‘] /km=1+(i‘] Jcosé?

r m

2 2

Put J—:I and e:A‘J the equation reduce to l:1+ecose
km km r

which is equation of conic, where | is latus rectum and e is

eccentricity.
Moo T

In a central force potential given by potential V (r)= _K , the T

r | |
trajectory can be any conic section depending on eccentricity e. E oipse ‘b/
Now, we shall discuss the case specially of elliptical orbit as Kepler
discuss for planetary motion.

1 2k 2k
Total energy E==mr®+ ) >——, Where Veﬁective=‘]—2—— with constant angular
2 2mre r 2mre r
momentum J .

If one will plot V vs r, it is clear that for negative energy the orbit is elliptical which is

shown in figure.
Earth is orbiting in elliptical path with Sun at one of its foci as shown in figure.

effective
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Let equation of this ellipse is

b=ayl-e?. Minimum value of r is (a—ae) and
maximum value of r is (a+ae) and r, +r; =2a, from

plot of effective potential it is identified that r,, and r;, is
the turning point so at these points radial velocity is zero. (r' -0

2 |
=Y : K omEr? 4 2mkr — 32 =0, given equation is
2mre r

quadratic in terms of r for their root at r,,, and r.,;,. Using theory of quadratic equation, sum of

roots, r., + My, = A =E :—L, which is negative.
- 2mE 2a

(- an) 00 s(an

7.3.4 Relationship between Energy and Eccentricity
2
For central potential V (r) = B the solution of orbit is y =1+ecosd with | = I;]_m
r r
2

The energy is given by E =1mr'2 + J 5 S

2 mre r
So, _—er' — _esingd =r=25NY , where 0 = /
r ml mr

o 2
after putting the value of ! =1+ecosd and f = g with | = i_ in equation of energy,
r m

ml
2
one will get, e = 1/1+ 2E32 .
mk

The condition on energy for possible nature of orbit for potential
E>0 ; e>1 Hyperbola
E=0 ; e=1 Parabola
E<O0 ; e<1l Ellipse

2
E =_r2nTk2; e=0 circle

2

7.3.5 Kepler’s Second Law
Equal Area will swept in equal time or Areal velocity is constant.

eA_ zi (which is derived earlier )
m

dt
7.3.6 Kepler’s Third Law
The square of time period (T ) of revolution in elliptical orbit is proportional to cube of semi

major axis a ie T? o a°
dA J
dt  2m

2
ma-ayl-e’ =1 tis given e = [1+ 2E] and E = X
2m mk 2 " 2a

2kJ?
2amk?

jdA——jdt :>7zab—2iT (mab is the area of ellipse)
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2 2 2

T? = 4n12 r*a®-a’(1—e®) put value of 1-¢? :ﬂz:J—
J 2amk amk
4m? 4m? J2  4r*ma’

T2:—27Z'2a4(1—ez):T2:—27[2a4. =

ma

J J k k

: 4r%a’ :
if k=Gmm =T? = (73[ a , where m, is mass of the sun.
m

S

4 Zm 3
:>T2 =7Z'—a
Example: Given a classical model of tritium atom with nucleus of charge +1 and a single
electron in a circular orbit of radius r,. Suddenly the nucleus emits a negatron and changes to

charge +2 (the emitted negatron escapes rapidly and we can forget about it) the orbit suddenly
has a new situation.

(a) Find the ratio of the electron’s energy after to before the emission of the negatron

(b) Describe qualitatively the new orbit

(c) Find the distance of closest and the farthest approach for the new orbits in units of r,

Solution: (a) As the negatron leaves the system rapidly, we can assume that its leaving has no
effect on the position and kinetic energy of the orbiting electron.
From the force relation for the electron,

mv; e’ e mv; e
¢ = ~, and we find its kinetic energy —* =
r,  4rel, 2 8re,l,

and its total mechanical energy

mv? e’

s e
E]_ — _ —
2 Are,r, 87, I,
before the emission of the negatron. After the emission the kinetic energy of the electron is still
2 _9n2 _g?

, While its potential energy suddenly changes to =

8re,r, Are,r, 27,
Thus after the emission the total mechanical energy of the orbiting electron is
2 2 2
mv,  2e —3e

2

2

P2 Adzer, 8ms, '
In other words, the total energy of the orbiting electron after the emission is three times as large
as that before the emission.

—3¢? . . . . -
(b) As E, = 3 , the condition equation (i) for circular motion is no longer satisfied and the
7E N,
new orbit is an ellipse.

(c) Conservation of energy gives
—3e? —g? m(fz+r292)

.. E
, giving =2 =3.
giving E

£ +
Bre,r,  27me,r, 2
At positions where the orbiting electron is at the distance of closest or farthest approach to the
atom, we have r =0, for which

-3* mr’g® ¢ J? e’

8re,f, 2 2me,r  2mrt 2zer

2
,  me’r,

Then, with J? =m*vir? =

4re,

From above equations
3r*—4rr+r’ =0
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r
5", r=r,
Hence, the distances of closest and farthest approach in the new orbit are respectively,

the solutions are r =

r. = r =1

min 7 “max

Example: A satellite of mass m=2000 kg is in elliptical orbit about
earth. At perigee it has an altitude of 1,100 km and at apogee it has
altitude 4,100 km. assume radius of the earth is R, =6,400 km. it is

given GmM, =8x10" J.m

(a) What is major axis of the orbit?

(b) What is eccentricity of the orbit?

(c) What is angular momentum of the satellite? 4100 ) 6400 ) 6400 JL10
(d) How much energy is needed to fix satellite in an orbit from surface

of the earth?

Solution: r,,, =4100+ 6400 =10500km
., =1100+ 6400 = 7500km
@) r,, +r,, =2a =18000=2a = a=9000km
(A 10500-7500 3000 1
(b) e=""x_M —e= = ==—=e
10500+ 7500 18000 6

(c) ltis given, k =8x10"J-m
k 8x10" 8

E=-r=-— ———  E, =——x10"J =-45x10"J
2a  18000x10 18

2EJ? 1) 2E]?2
I+— =| = | =1+ 5
mk 6 mk
2EJ2

~ mk?
(d) When satellite is at surface of the earth, R = 6400 Km

E 17 T 1012
_ —8x10 - 10 - 107 _ 155,107
6400x10° 800x10° 8

=-45%x10") = AE=E,; -E; =8x10"J

max min

=140x10% = J? = J =140 x10" =1.2 x10* kgm/ sec?

_GMm
2a

Example: For circular and parabolic orbits in an attractive 1/r potential having the same
angular momentum, show that perihelion distance of the parabola is one-half the radius of the
circle.

Solution: For Kepler’s problem, l=1+ecos«9, for circular orbit e:O:L=1 and for
r r

c

I L . .
parabola e=1, —=1+cos@, then r, is minimum when cosé is maximum.
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Example: A planet of mass m moves in the inverse square central force field of the Sun of mass
M . If the semi-major and semi-minor axes of the orbit are a and b respectively, then find total
energy of the planet by assuming Sun is at the center of ellipse.

Solution: Assume Sun is at the centre of elliptical orbit.

. 1 , GMm 1 , GMm
Conservation of energy, —mv; ————=—-mv, -————
2 a 2 b
Conservation of momentum, L =mv,a=mv,b

a
w=u(3)

, 1 _, GMm GMm _ 1 (VZ_

1
—mv, ——mv. > —M V, —
2t 2 ¢ a b 2 (vt

1 ,(b*-a?) (b—a
d 279 _oMml =2
M) T e

E-lmeSMM_gyml 1 _Ggm

2°' a a(b+a) a

e elRE e
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