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2. POSTULATES OF QUANTUM MECHANICS

The quantum mechanical postulates enable us to understand.
e how a quantum state is described mathematically at a given time t.
e how to calculate the various physical quantities from this quantum state.
e Knowing the system’s state at a time t, how to find the state at any later time t. i.e., how
to describe the time evolution of a system.
2.1 Postulates of Quantum Mechanics
2.1.1 Postulate 1- State of a Quantum Mechanical System
The state of any physical system is specified, at each time t, by a state vector |y(t)) in the
Hilbert space. |y(t)) contains all the needed information about the system. Any superposition of
state vectors is also a state vector.
2.1.2 Postulate 2- Physical Measurement of State: To every measurable quantity A to be
called an observable or dynamical variable. There corresponds a linear Hermitian Awhose eigen

vectors form a complete basis. A|g,)=a,|4,)

2.1.3 Postulate 3 (a) Probabilistic Measurement of Eigen Value on State: When the physical
quantity A is measured on a system in the state |y) the probability P(a,) of obtaining the non-
degenerate eigen value an of the corresponding observable A is

P(a,) = '<¢W'|‘Z/>>' where Alg,)=a,|4,)

Postulate 3 (b): When the physical quantity A is measured on a system in the state |1,//> The
probability P(a,) of the obtaining the eigen value an of the corresponding observable A is

I .
DB vy

P _ =l
@) ==

Where gy, is the degree of degeneracy of an and |¢!) (i=1,2,3,&,9,) is orthonormal set of
vector which forms a basis in the eigen subspace en associated with eigen value an of A.

2.1.4 Postulate 4: State Just after Measurement

The measurement of an observable A many be represented formally by an action of A on a state

vector |y (t)).
The state of the system immediately after the measurement is the normalized projection
P lv)

VWP 1w)

2.1.5 Postulate 5: Time Evolution of State
The time evaluation of the state vector |y (t)) is governed by Schrodinger equation

ih%wa» “H®)|v)

Where H is Hamiltonion of the system.

The solution of Schodinger equation must be
(@) single valued and value must be finite

(b) continuous

(c) differentiable

(d) square integrable.

of |w) onto the eigen subspace associate with an.
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2.2 Expectation Value of Measurement

(v |Aly) a, |(¢, |y
Ay =R A= D07/
A (wlw) =W Z (wlw)

The expectation value of operator A is given
Where (p,, | Aly,) =28,6,, = (A= a,P(a,)

For continuous variable

0

Jaly(@F da
.« (A==

[lv@F da

2.3 The momentum and position representation of wave function.
e Theket|r)iseigen ket atX, Y, Z. which is given as
X|rny=x|ry Y| =y|r) Z[r)=z]|r)
e The ket |p) is the eigen ket of py, py, p; which is defined as
P p)=p,1 P P 1p)=p,| P PIp=p,Ip
Itis giventhat (r| X [y)=x{r|y) (r|Y|y)=y({rly) (r|Z|y)=x«r|y)
and (r|y)=w(r) and (| )=y (r).
S0 (@] X lw) = d*r(g|r)(r| X |y) =[d*rg (N)xy(r)
In momentum space (p| P, |y)=pplw), (PIP, [v)=p,(plw), (PIP,|w)=p,(Ply)
where (p|y)=w(p) , (w|p) =y (p)

@1 p lw)=1d°p(B| pXp|p lw) =1d*ps"(p)p,w(p)

2.4 Fourier transformation and Change in Basis:
Change in basis from one representation to another representation.

i/hpy

) . 1
is defined as =——¢

The expansion of y(x) in terms of |p) can be written as.

v()= [ a(P) P ¥ () == [ alp)e™"dp

where a(p) can be find a(p) = X7 dx

1 7 _
o j w(x)e
el a(p) = (%) T w(r)e ™ "d’r

Where a(p) being expansion coefficient of | p).
e If any function w(x) can be expressed as a linear combination of state function ¢,

e, w(x)=) cd(x) then where [ ¢ dx=3,, then c, =y, (x)f(x)dx

which is popularly derived from fourier trick.
Delta Dirac: The notation (r|r’) defined as 5(r—r'). and (p|p’) defined as d(p-p’)
e The orthonormalisation relation in r representation and p representation respectively
(rlry=6(r-r) (plpH=6(p-p)
e The closure relation in r representation and p representation respectively.
Jdr ryri=1 Jd*plp)pl=1
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2.5 Parity Operator

The parity operator IT defined by its action on the basis.
Ir)=-r) (r|ly)=wy(-r)

If w(-r)=w(r)then state have even parity and

If w(—r)=—-w(r)then state have odd parity.

So parity operator have +1 and —1 eigen value.
Representation of postulate (4) in continuous basis.

When the physical quantity A is measured on a system state |1,//> the probability dp(a) of
obtaining a result included ¢ and a+dea is equal to

Vv “da
A7)
wly)
Where |V,,) is the eigen vector corresponding to the eigen value a of the observable A.
Example: A state function is given by

ly) |¢1>+\/—|¢2

It is given that (¢, | ;) = 5,
(a) check |y) is normalized or not
(b) write down normalized wavefunction (y|.
(c)Itisgiven H|g)=(n+Dhw|g,) n=0,123,...
If H will measured on |y), what will be measurement with what probability.

(a) Find the expectation value at H i.e., (H)
(b) Find the error in the measurement in H.
Solution: (a) To check normalization one should verify.

(wly)=13

ly) |¢1>+\/—|¢2

(wlw)=(16)+{4|8) \/—<¢2|¢1>+\/—<¢2+¢2>(\/—] =1+0+0+

The value of (v |w) =gso [w) is not normalized.

Now we need to find normalized |y) let A be normalization constant.

1
= A el
ly)=Alg)+ ,—2|¢z>

A2 3A2 \F
4 A% TSl & T ADY SO SIS
(wly) b 4 :

So|w>=ﬁ|¢1>+%|¢z>
Wk <¢1|f <¢2|f

It is given that
Hlg)=(n+Dhow n=0,1,23..

Hl|g)=2ho H|¢,)=3ho
When H will measured |y) it will measured either 2x0 or 3x0
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The probability of measured 2n0 IS P(2hw)is given by

2 2
wly) 3 wlyy 3
So when H will measure state |y) the following outcome will come.
Measurement of H on state  : [p1)  |d2)
Measurement : 2ho 3ho
Probability 1213 1/3

(w|H|y)
Hy=Y111Y _§p
( vy Z (@),

=2ha)x%+3ha)x% (Hy=1"@

3
8n’w’ . e’ 1The’
3 3 3

2 _<‘//|H2|§V>_ 2_gx 2 lx 2 _
(H") = wlw) —ZPn(an)an—3 (27 w) +3 Bhw)” =

The error in measurement in H is given as

AH = (H?) —(HY? (Hyy =1

(HY _(mwjz 49n%0?
3 9

AH = /51;49;2@:%;1@

Example: () Plot y,(x)=Ae™ -ow<x<w
(b)  Ploty, (X)=AeX —w<x<w

(c) discuss why w; is not solution of schrodinger wave
function rather y,, is solution of schrodinger wave

function.

Solution: (a) w,(x)=Ae"x<0
vy (X)=Ae x>0
The plot is given by

b) y,(X)=Ae* —w<x<w
The plot is given by

(c) Both the function v, and ,, are single value, continuous,
square integrable by v, is not differentiable of x = O rather v, is differentiable at x=0
So y,, can be solution of schrodinger wave function but v, is not solution of schrodinger wave

function.
Example: A time t = 0 the state vector |(0))

1
lw(0)) ‘ﬁ(l #)+14,))

It is given as Hamiltonion is defined as H |4,) =n® ;| 4,)

(a) What is wave function |y(t)) at later time t.

(b) Write down expression of evolution of [y/(x, t)|?
(c) Find AH

(d) Find the value of AH - At
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Solution: (a) |;//(t)>=%{e_"’0 |¢51>+e_"'0 |¢2>:|

lw (@) < [|d)+e " |4,) ]
E,-E 3¢,
T
(b) Evolution of shape of the wave packet

v (x.t) |2=§|¢1<x> i +§|¢2 (X)F +d, cos ay

©  AH=((H)=(H)")"

1 1 5 1 1 17
<H>=EE1+EE2:§E1 <H2>:§E12+EE§=?E12

Where o,, =

AH:%El AH:gxeo

AH=§e0 At = L At = f
2 Aw,, 3¢g,

AH -At = n
2
Example: Consider a one-dimensional particle which is confined within the region 0 < x < a and
whose wave function is y/(x,t) =sin (”—Xje‘”‘ . Find the potential V (x).
a

Solution: From the fifth postulate.
el P? o
Hy =ih— H=—+V(X) =———+V(X
P om V=55 YK
-h* Oy
2m ox?

°h°

. oy
+V(X)w =1h—
(X)w o

sin zx
sin 22X giet B Ya e = ==¢'f

2ma’ a
232 2 2 232
aa >+V(X)=-ho V(X)=-ho- hz V(X)=- ha)+7rh2

2ma’ 2ma

|hsm—( iw)e'
a

2ma

Example: If eigen value of operator A is 0, 2ao, 2a9 and corresponding normalized eigen vector
. 0 0 1 1

is ﬁ =i % i [and | O |respectively t system is in state% 0 [then
1 i 0 4
1
(a) When A is measured on system in state % 0 | then what is probability to getting value
4
0, 2a,, respectively.
(b) What is expectation value of A?
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0
Solution: Let |¢,) = —| —i

N

1
A2 = A3 =2api.e., A = 2ap is doubly degenerate.
2
wly) 17

2

1\T 2
_ 10 0)-|0
(\/_(o |1j6 0 ( )6 .
(¢, lw () [ |<¢3|l//(t)>| 4 N

wly) Wwly) 1 1
Laoato Lao ailo

6 6 6 6
4 4

P(2a,) =

1 1lie L
_2°36 .36

i -(1+16) E
36 36
2

_9 . 19 8 9 8a0
A =0x—+2 —:> A = average value.
=17t Ty W e TR > (M= g

36
Example: A free particle which is initially localized in the range —a < x < a is released at time

t=0.
A if —a<x<a

v(x)= {0 otherwise

Find (a) A such that y (x)is normalized.

(b) Find ¢(x)i.e., wave function in momentum space.

(c) Find y(x,t) i.e., wave function after t time.

f - T 2 2 | 1
Solution: (a) :[0|1//(x,t)| dx = A _de:l =N A:E
1 5 1 1 T 1 sinka

®) $00 = | j e "y (x)dx = —— N tre Ay -

]dk

“ sinka_{# ot
C X,'[ = e
© yxt)=— j
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